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Chapter 1

Path Integral Formalism

For the description of advanced topics in quantum field theory, in particular the quanti-
zation of non-abelian gauge theories, the formulation of quantum field theory in the path
integral formulation is important. We begin by explaining the path integral formulation
of quantum mechanics.

1.1 Path Integrals in Quantum Mechanics

In the Schrödinger picture the dynamics of quantum mechanics is described by the Schrödinger
equation

i~
d

dt
|ψ(t)〉 = H|ψ(t)〉 . (1.1)

If the Hamilton operator is not explicitly time-dependent, the solution of this equation is
simply

|ψ(t)〉 = e−
it
~H |ψ(0)〉 . (1.2)

Expanding the wave function in terms of position states, i.e. doing wave mechanics, we
then have

ψ(t, q) ≡ 〈q|ψ(t)〉 =

∫
dq0 〈q|e−itH/~|q0〉 〈q0|ψ(0)〉 =

∫
dq0K(t, q, q0)ψ(0, q0) , (1.3)

where we have used the completeness relation

1 =

∫
dq0|q0〉 〈q0| (1.4)

and introduced the propagator kernel

K(t, q, q0) = 〈q|e−itH/~|q0〉 . (1.5)

It describes the probability for a particle at q0 at time t = 0 to propagate to q at time t
and will play an important role in the following.
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1.1. PATH INTEGRALS IN QUANTUM MECHANICS

By construction, the propagator satisfies the time-dependent Schrödinger equation

i~
d

dt
K(t, q, q0) = HK(t, q, q0) , (1.6)

where H acts on q. It is furthermore characterised by the initial condition

lim
t→0

K(t, q, q0) = δ(q − q0) . (1.7)

For a free particle in one dimension with Hamilton operator

H0 =
1

2m
p2 = − ~2

2m

d2

dx2
(1.8)

the propagator, which is uniquely determined by (1.6) and (1.7), is

K0(t, q, q0) = 〈q|e−itH0/~|q0〉 =
( m

2πi~t

) 1
2

exp

(
im

(q − q0)2

2~t

)
. (1.9)

To derive this formula, one can for example use a complete momentum basis; then

〈q|e−itH0/~|q0〉 =
1

2π~

∫
dp 〈q|p〉 〈p|e−itH0/~|q0〉

=
1

2π~

∫
dp eiqp/~ e−itp

2/2m~ e−ipq0/~

=
1

2π~
exp

(
im

(q − q0)2

2~t

) ∫
dp exp

[
− it

2m~

(
p− m(q − q0)

t

)2
]
,

which leads after Gaussian integration to (1.9). Here we have used that

〈q|p〉 = e
i
~ qp , 1 =

1

2π~

∫
dp|p〉〈p| . (1.10)

The path integral is a method to calculate the propagator kernel for a general (non-free)
quantum mechanical system. In order to derive it we need a small mathematical result.

1.1.1 Feynman-Kac Formula

The path integral formulation of quantum mechanics was first developed by Richard Feyn-
man; the underlying mathematical technique had been previously developed by Marc Kac
in the context of statistical physics.

The key formula underlying the whole formalism is the product formula of Trotter. In
its simplest form (in which it was already proven by Lie) it states

eA+B = lim
n→∞

(
eA/n eB/n

)n
, (1.11)
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1.1. PATH INTEGRALS IN QUANTUM MECHANICS

where A and B are bounded operators on a Hilbert space. To prove it, we define

Sn = exp

[
(A+B)

n

]
, Tn = exp

[
A

n

]
exp

[
B

n

]
. (1.12)

Then we calculate

||eA+B − (eA/n eB/n)n|| = ||Snn − T nn || (1.13)

= ||Sn−1
n (Sn − Tn) + Sn−2

n (Sn − Tn)Tn + · · ·+ (Sn − Tn)T n−1
n ||.

Since the norm of a product is always smaller or equal to the products of the norms, it
follows (after using the triangle inequality ||X + Y || ≤ ||X||+ ||Y ||)

|| exp(X)|| ≤ exp(||X||) . (1.14)

Using the triangle inequality again it follows that

||Sn|| ≤ e(||A||+||B||)/n ≡ a1/n , ||Tn|| ≤ e(||A||+||B||)/n ≡ a1/n . (1.15)

Plugging into (1.13) leads, again after using the triangle inequality, to

||Snn − T nn || ≤ n a(n−1)/n ||Sn − Tn|| . (1.16)

Finally, because of the Baker-Campbell-Hausdorff formula

Sn − Tn = − [A,B]

2n2
+O(n−3) , (1.17)

and the product formula (1.11) follows.
If A and B are not bounded operators, the analysis is more difficult. If both A and B

are self-adjoint (as is usually the case for the operators appearing in quantum mechanics),
one can still prove that

e−it(A+B) = lim
n→∞

(
e−itA/n e−itB/n

)n
(1.18)

where the convergence is in the strong topology, i.e. the result holds when applied to any
vector that lies in the domain of both A and B.

1.1.2 The Quantum Mechanical Path Integral

With these preparations we can now derive the path integral formulation of quantum
mechanics. Let us assume that the Hamilton operator is of the form

H = H0 + V (q) H0 =
p2

2m
, (1.19)
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1.1. PATH INTEGRALS IN QUANTUM MECHANICS

where H0 is the Hamilton operator of the free particle, and V (q) is the potential. Applying
the product formula (1.11) with A = H0/~ and B = V/~ to (1.5) we obtain

K(t, q, q0) = 〈q|e−itH/~|q0〉
= lim

n→∞

〈
q|
(
e−itH0/~ne−itV/~n

)n |q0

〉

= lim
n→∞

∫
dq1 · · · dqn−1

j=n−1∏

j=0

〈
qj+1|e−itH0/~ne−itV/~n|qj

〉
, (1.20)

where q ≡ qn, and we have, after each application of the exponential, introduced a partition
of unity

1 =

∫
dqj |qj〉 〈qj| . (1.21)

Since the potential acts diagonally in the position representation, we now have

〈
qj+1|e−itH0/~ne−itV/~n|qj

〉
= e−itV (qj)/~n

〈
qj+1|e−itH0/~n|qj

〉
. (1.22)

Thus we can use the propagator kernel of the free particle (1.9) to get, with t/n = ε

〈
qj+1|e−itH0/~ne−itV/~n|qj

〉
=
( mn

2πi~t

) 1
2

exp

[
iε

~

(
m

2

(
qj+1 − qj

ε

)2

− V (qj)

)]
. (1.23)

Hence we have for the complete propagator kernel the Feynman-Kac formula

K(t, q, q0) = lim
n→∞

∫
dq1 · · · dqn−1

( m

2πi~ε

)n
2

exp

[
iε

~

n−1∑

j=0

(
m

2

(
qj+1 − qj

ε

)2

− V (qj)

)]
.

(1.24)

q q
0

q n
1

Figure 1.1: Interpretation as path integral.

1.1.3 The Interpretation as Path Integral

The interesting property of this formula is that it allows for an interpretation as a path
integral. To understand this, we imagine that the points q = q0, q1, . . . , qn are linked
by straight lines, leading to piecewise linear functions (see fig. 1.1). We divide the time
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1.1. PATH INTEGRALS IN QUANTUM MECHANICS

interval t into n subintervals of length ε = t/n each, and identify qk ≡ q(s = kε). The
exponent of (1.24) can now be interpreted as the Riemann sum, which leads in the limit
ε→ 0 to the integral

ε

n−1∑

j=0

(
m

2

(
qj+1 − qj

ε

)2

− V (qj)

)
∼
∫ 1

0

ds

[
m

2

(
dq

ds

)2

− V (q(s))

]
. (1.25)

This integral is now precisely the classical action of a particle (of mass m), moving along
this path, since the integrand is just the Lagrange function.

L(q(s), q̇(s)) =
m

2

(
dq

ds

)2

− V (q(s)) , (1.26)

whose action is

S[q(s)] =

∫ s1

s0

dsL(q(s), q̇(s)) . (1.27)

The multiple integrals dq1 · · · dqn imply that we are integrating over all possible (piecewise
linear) paths, connecting q0 and q. In the limit n→∞ the separate linear pieces become
shorter and shorter, and we can approximate any continuous path from q0 to q in this
manner. The above formula thus sums over all possible paths beginning at time t = 0 at
position q0, and ending at time t at position q. The different paths are weighted by the
phase factor

exp

[
i
S[q(s)]

~

]
. (1.28)

Formally, we may therefore write

K(t, q, q0) = C

∫ q(t)=q

q(0)=q0

Dq eiS[q]/~ , (1.29)

where C is the formal expression

C = lim
n→∞

( m

2πi~ε

)n
2
. (1.30)

Here C · Dq corresponds to the limit of the integrals (1.24) for n→∞. As we will see, the
divergent prefactor will cancel out of most calculations, and thus should not worry us too
much. (However, mathematically, the definition of the path integral is somewhat subtle
because of this.)

One of the nice features of the path integral formulation of quantum mechanics is that
it gives a nice interpretation to the classical limit. The classical limit corresponds, at
least formally, to ~ → 0. In this limit, the phase factor (1.28) of the integrand in the
path integral formula (1.29) oscillates faster and faster. By the usual stationary phase
method one therefore expects that only those paths contribute to the path integral whose
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1.1. PATH INTEGRALS IN QUANTUM MECHANICS

exponents are stationary points. Since the exponent is just the classical action, the paths
that contribute are hence characterised by the property to be critical points of the action.
But because of the least action principle these are precisely the classical paths, i.e. the
solutions of the Euler-Lagrange equations. In the classical limit, the path integral therefore
localises on the classical solutions.

1.1.4 Amplitudes

The knowledge of the propagator kernel allows us to calculate other quantities of interest.
In particular, in quantum mechanics we are usually interested in expectation values of
operators, i.e. in quantities of the type

〈ψf (t)| O1(τ1) · · · Ol(τl) |ψi(0)〉 , (1.31)

where ψi and ψf are the initial and final state evaluated at t = 0 and t, respectively, and
Oi(τi) is some operator that is evaluated at time t = τi with 0 < τl < τl−1 < · · · < τ2 <
τ1 < t. Since we may expand any wavefunction in terms of position eigenstates, we can
determine all such amplitudes (1.31), provided that we know the amplitudes

〈q, t| O1(τ1) · · · Ol(τl) |q0, 0〉 . (1.32)

Suppose now that Oi(τ) can be expressed in terms of the position operator q̂(τ), say
Oi(τ) = Pi(q̂(τ)), where Pi is a polynomial. Then it follows immediately from the above
derivation that (1.32) has the path-integral representation

〈q, t| O1(q̂(τ1)) · · · Ol(q̂(τl)) |q0, 0〉 =

∫ q(t)=q

q(0)=q0

Dq P1(q(τ1)) · · ·Pl(q(τl)) eiS[q]/~ . (1.33)

Indeed, we simply take l of the intermediate times to be equal to τi, i = 1, . . . l. At the
corresponding intervals Pi(q(τi)) acts as a multiplication operator, and we hence directly
obtain (1.33).

A convenient compact way to describe these amplitudes is in terms of a suitable gen-
erating function. To this end, consider the modified path integral

I[J ] =

∫
Dq exp

[ i
~

∫ t

0

ds
(
L(q, q̇, s) + J(s)q(s)

)]
, (1.34)

where J(s) is some arbitrary ‘source’ function. In order to obtain (1.33) from this we now
only have to take functional derivatives with respect to J(τi), i.e.

〈q, t| O(q̂(τ1)) · · · Ol(q̂(τl)) |q0, 0〉 = P1

(
~
i

δ

δJ(τ1)

)
· · ·Pl

(
~
i

δ

δJ(τl)

)
I[J ]

∣∣∣∣
J=0

. (1.35)

Here the functional derivative is defined by

δ

δJ(τ)
J(t) = δ(τ − t) or

δ

δJ(τ)

∫
dtJ(t)φ(t) = φ(τ) , (1.36)
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1.1. PATH INTEGRALS IN QUANTUM MECHANICS

which is the natural generalisation, to continuous functions, of the familiar

∂

∂xi
xj = δij or

∂

∂xi

∑

j

xjaj = ai . (1.37)

Using these calculation rules it is then clear that (1.35) indeed reproduces (1.33). Often,
introducing the generating function is not just a formal trick, but actually simplifies calcu-
lations since in many situations I[J ] is as difficult to compute as the original path integeral
I[0].

1.1.5 Generalisation to Arbitrary Hamiltonians

For the following we want to generalise the formula (1.29) to the case where the Hamiltonian
is not necessarily of the form (1.19). We can still introduce a partition of unity, but now
in each step we have to evaluate

〈qj+1|e−
it
~nH |qj〉 , (1.38)

where H ≡ H(q, p) is a general function of q and p. We can always find a suitable ordering
of the terms, the so-called Weyl ordering for which the q appears symmetrically on the left
and right of p, so that

〈qj+1|H(q, p)|qj〉 =

∫
dpj
2π

H

(
qj+1 + qj

2
, pj

)
eipj(qj+1−qj)/~ . (1.39)

Plugging this into (1.38) and using analogous arguments as above we find in the limit
n→∞

〈qj+1|e−
it
~nH |qj〉 =

∫
dpj
2π

e
− it

~nH
(
qj+1+qj

2
,pj

)
eipj(qj+1−qj)/~ . (1.40)

Note that if H is of the form (1.19), H = H0 + V , then we get
∫
dpj
2π

e−
it
~nH0(pj) e

− it
~nV

(
qj+1+qj

2

)
eipj(qj+1−qj)/~ = e

− it
~nV

(
qj+1+qj

2

)
K0(qj+1, qj) , (1.41)

where K0 is the free propagator kernel; this then agrees with (1.23). Using now (1.40) we
obtain for the propagator kernel in the general case

K(t, q, q0) = lim
n→∞

∫ ∏

j

dqjdpj
2π

exp

[
i

~
∑

j

pj(qj+1 − qj)−
iε

~
H

(
qj+1 + qj

2
, pj

)]
, (1.42)

where ε = t/n, as before. The exponent is now the Riemann sum of the integral
∫
dt
(
pq̇ −H(q, p)

)
, (1.43)

while the integration is over the full phase space. Formally, we can therefore write this as

K(t, q, q0) =

∫
DqDp exp

[
i

~

∫ t

0

dt (pq̇ −H(q, p))

]
. (1.44)
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1.2. FUNCTIONAL QUANTIZATION OF SCALAR FIELDS

1.2 Functional Quantization of Scalar Fields

Next we want to apply the functional integral formalism to the quantum theory of a scalar
field. Our goal is to derive the Feynman rules for such a theory directly from functional
integral expressions. From now we shall set ~ = 1.

The general functional integral formula (1.44) holds for any quantum system, and thus
we should also be able to apply it to a quantum field theory. To get a feeling for how
this works, let us first consider the case of a scalar field theory. Here the analogue of the
coordinates qi are the field amplitudes φ(x), and the Hamiltonian is

H =

∫
d3x

[
1
2
π2 + 1

2
(∇φ)2 + V (φ)

]
. (1.45)

Thus our formula becomes

〈φb(x)|e−iHt|φa(x)〉 =

∫
DφDπ exp

[
i

∫ t

0

d4x
(
πφ̇− 1

2
π2 − 1

2
(∇φ)2 − V (φ)

)]
, (1.46)

where the functions over which we integrate are constrained to agree with φa(x) at x0 = 0,
and φb(x) at x0 = t. Since the exponent is quadratic in π, we can complete the square and
evaluate the Dπ integral, using

∫
Dπ exp

[
− i

2

∫ t

0

d4x
(
π − φ̇

)2
+ i

2

∫ t

0

d4x φ̇2
]

= exp
[
i

∫ t

0

d4x 1
2
φ̇2
]
. (1.47)

(As always in the following, we shall ignore overall (field-independent) constants; as will
become clear soon, they do not play any role in the calculation of physical quantities.)
Then our formula becomes simply

〈φb(x)|e−iHt|φa(x)〉 =

∫
Dφ exp

[
i

∫ t

0

d4xL(φ, π)
]
, (1.48)

where L(φ, π) is the Lagrange density

L(φ, π) = 1
2
∂µφ ∂

µφ− V (φ) , (1.49)

with ∂µφ ∂
µφ = φ̇2 − (∇φ)2

The time integral in the exponent goes from 0 to t, as determined by our choice of
transition amplitude; in all other respects this formula is manifestly Lorentz invariant.
Any other symmetries that the Lagrangian may have are also explicitly preserved by the
functional integral.

1.2.1 Correlation Functions

Just as in the case of quantum mechanics, we can now also determine correlation functions
which are also of primary importance in quantum field theory. Inspired by (1.33) let us
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1.2. FUNCTIONAL QUANTIZATION OF SCALAR FIELDS

consider the expression

∫
Dφφ(x1)φ(x2) exp

[
i

∫ T

−T
d4xL(φ)

]
, (1.50)

where the boundary conditions on the functional integral are φ(−T,x) = φa(x) and
φ(T,x) = φb(x) for some given functions φa and φb. We would like to relate this quantity
to the two-point correlation function of φ1 and φ2. Using essentially the same logic as
before (but formulating it more formally now), we break up the functional integral as

∫
Dφ =

∫
Dφ1(x)

∫
Dφ2(x)

∫
φ(x0

1,x) = φ1(x)
φ(x0

2,x) = φ2(x)

Dφ . (1.51)

The main functional integral
∫
Dφ is now constrained at times x0

1 and x0
2 (in addition to the

endpoints±T ), but we must integrate separately over the intermediate configurations φ1(x)
and φ2(x). After this decomposition, the extra factors φ(x1) and φ(x2) in (1.50) simply
become φ1(x1) and φ2(x2), respectively, and can be taken outside the main integral. The
main integral then factors into three propagating kernels, and we can write (1.50) as

∫
Dφ1(x)

∫
Dφ2(x)φ1(x1)φ2(x2)

×〈φb|e−iH(T−x0
2)|φ2〉 〈φ2|e−iH(x0

2−x0
1)|φ1〉 〈φ1|e−iH(x0

1+T )|φa〉 . (1.52)

Using the completeness relation

∫
Dφ1|φ1〉〈φ1| = 1 (1.53)

this can be simplified to

〈φb|e−iH(T−x0
2)φ(x2) e−iH(x0

2−x0
1) φ(x1)e−iH(x0

1+T )|φa〉 , (1.54)

where the operators φ(x1) and φ(x2) are time-independent, i.e. live in the Schrödinger
picture, and we have assumed that x0

2 > x0
1 — otherwise the order of the operators φ(x1)

and φ(x2) is reversed. The relation between Schrödinger and Heisenberg picture is

φH(x) = eiHx
0

φ(x)e−iHx
0

, (1.55)

and thus (1.54) can be written as

〈φb|e−iHTT
(
φH(x1)φH(x2)

)
e−iHT |φa〉 , (1.56)

where T denotes the usual time ordering.
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1.2. FUNCTIONAL QUANTIZATION OF SCALAR FIELDS

In quantum field theory one is usually interested in time-ordered vaccum correlation
functions. In order to obtain this from the above, we want to take the limit T →∞, and
replace φa and φb by the vacuum state Ω. Formally this can be done by taking the limit

T = s · (1− iε) s→∞ − this will be abbreviated as T →∞(1− iε) (1.57)

since a negative imaginary part of T implies that the exponential has the form

e−iHT = e−iHse−sH , (1.58)

and hence projects in the limit s → ∞ onto the state with smallest eigenvalue of H,
namely the vacuum. In doing so we will obtain some awkward phases and overlap factors,
but these cancel if we divide by the same quantitiy, but without the insertion of the two
extra fields. Thus we obtain the simple formula

〈Ω|T
(
φH(x1)φH(x2)

)
|Ω〉 = lim

T→∞(1−iε)

∫
Dφφ(x1)φ(x2) exp

[
i
∫ T
−T d

4xL(φ)
]

∫
Dφ exp

[
i
∫ T
−T d

4xL(φ)
] . (1.59)

This is our desired formula for the two-point correlation function in terms of functional
integrals. Higher point functions are obtained similarly by inserting additional factors in
the numerator. The other point worth stressing is that the final formula is indeed a ratio
of path integrals, and hence does not depend on the precise overall normalisation of either
of them. (This justifies why we can always be careless about overall normalisations.)

1.2.2 Feynman Rules

Our next aim is to show that the right-hand-side of (1.59) computes the same correlation
functions as those that are obtained from the usual Feynman rules. We shall ignore in the
following the infrared and ultraviolet divergences of the corresponding Feynman diagrams,
but will only attempt to reproduce the same formal Feynman rules. In particular, this
therefore shows that we do not introduce any new types of singularities in the functional
integral formulation. First we discuss the free Klein-Gordon theory, before generalising our
analysis to the φ4 theory.

The action of the free Klein-Gordon theory is

S0 =

∫
d4xL0 =

∫
d4x

[
1
2
∂µφ ∂

µφ− 1
2
m2φ2

]
. (1.60)

Since L0 is quadratic in φ, the functional integrals take the form of generalised infinite-
dimensional Gaussian integrals. We will therefore be able to do them exactly.

Since this is the first functional integral computation, we shall do it in a rather pedes-
trian manner — later on the relevant Gaussian integrals will be performed directly. In
order to define the measure of the path integral we think of the theory as being defined

13



1.2. FUNCTIONAL QUANTIZATION OF SCALAR FIELDS

on a (square) lattice with lattice spacing ε, taking ε → 0 in the end. We furthermore
take the four-dimenisonal space-time to have volume L4, where L is the size of each lattice
direction. Up to an overall (irrelevant) factor, the path integral measure then equals

Dφ =
∏

i

dφ(xi) . (1.61)

The field values φ(xi) can be represented by a discrete Fourier series

φ(xi) =
1

V

∑

n

e−iknxiφ(kn) , (1.62)

where kµn = 2π n
µ

L
, with nµ integer, |kµ| < π/ε and V = L4. The separate Fourier coefficients

are complex, but since φ(x) is real, we have the constraint φ∗(k) = φ(−k). We will regard
the real and imaginary parts of the φ(kn) with k0

n > 0 as independent variables. The change
of variables from the φ(xi) to these new variables φ(kn) is a unitary transformation, so we
can rewrite the integrals as

Dφ(x) =
∏

k0
n>0

dReφ(kn) d Imφ(kn) . (1.63)

Later we will take the limit L → ∞, ε → 0. The effect of this limit is to convert discrete
finite sums over kn to continuous integrals over k

1

V

∑

n

→
∫

d4k

(2π)4
. (1.64)

With these preparations we can now compute the functional integral over φ. Rewriting
the action (1.60) in terms of the Fourier modes we have

S0 = − 1

V

∑

n

1
2
(m2 − k2

n)|φ(kn)|2

= − 1

V

∑

n

1
2
(m2 − k2

n)
[
(Reφn)2 + (Imφn)2

]
, (1.65)

where we have introduced the abbreviation φn ≡ φ(kn). The quantity (m2 − k2
n) = (m2 +

|kn|2 − (k0
n)2) is positive as long as k0

n is not too large. In the following we will only
consider the case where (m2 − k2

n) > 0, i.e. k0
n is not too large; after doing the sum (or

rather integral) we will then analytically continue our answer to arbitrary k0
n.

Let us now do the path integral without any insertions of fields, i.e. the denominator

14



1.2. FUNCTIONAL QUANTIZATION OF SCALAR FIELDS

of (1.59). This now takes the form of a product of Gaussian integrals since we can write
∫
Dφ eiS0 =

∏

k0
n>0

∫
dReφn d Imφn exp

[
− i

V

∑

n|k0
n>0

(m2 − k2
n)|φn|2

]

=
∏

k0
n>0

∫
dReφn exp

[
− i

V

∑

n|k0
n>0

(m2 − k2
n)(Reφn)2

]

×
∏

k0
n>0

∫
d Imφn exp

[
− i

V

∑

n|k0
n>0

(m2 − k2
n)(Imφn)2

]

=
∏

k0
n>0

√
−iπV
m2 − k2

n

√
−iπV
m2 − k2

n

=
∏

all kn

√
−iπV
m2 − k2

n

. (1.66)

The calculation of the Gaussian integrals in going to the last line is somewhat formal since
the exponents are purely imaginary. However, in applying the formula to (1.59) we are
interested in taking the time integral along a contour that is slightly rotated clockwise in
the complex plane, t→ t(1− iε). In terms of the Fourier modes this means that we should
replace k0 → k0(1 + iε) in all of these equations. Thus (k2 −m2) → (k2 −m2 + iε), and
the iε term gives the necessary convergence factor for the Gaussian integrals.

To interpret the result of (1.66) let us consider as an analogy the general Gaussian
integral ∏

k

∫
dξk exp

[
−ξiBijξj

]
, (1.67)

where Bij is a symmetric matrix with eigenvalues bi. To evaluate this integral, we write ξi =
Oijxj, where Oij is the orthogonal matrix of eigenvectors that diagonalises B. Changing
variables from ξi to the coefficients xi we have

∏

k

∫
dξk exp

[
−ξiBijξj

]
=

∏

k

∫
dxk exp

[
−
∑

i

bix
2
i

]
(1.68)

=
∏

i

∫
dxi exp

[
−bix2

i

]
=
∏

i

√
π

bi
= const× (detB)−

1
2 .

We now want to argue that (1.66) is also of this form. To see this, we rewrite, using
integration by parts

S0 = 1
2

∫
d4xφ(−∂2 −m2)φ + surface terms . (1.69)

Thus our path integral in (1.66) is of the same form as (1.67) if we identify the operator
B with

B = m2 + ∂2 , (1.70)

and thus formally write
∫
Dφ eiS0 = const×

[
det(m2 + ∂2)

]− 1
2 . (1.71)
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1.2. FUNCTIONAL QUANTIZATION OF SCALAR FIELDS

This object is called a functional determinant. The actual result in (1.66) is quite ill-defined,
but as we shall see, all the factors will cancel for the actual calculation in (1.59). There
are, however, circumstances where also the functional determinant itself has a physical
meaning.

Next we turn to the numerator of (1.59). The Fourier expansion of the two extra factors
of φ equals

φ(x1)φ(x2) =
1

V

∑

m

e−ikm·x1φm
1

V

∑

l

e−ikl·x2φl . (1.72)

Thus the numerator is

1

V 2

∑

m,l

e−i(km·x1+kl·x2)
∏

k0
n>0

∫
dReφn d Imφn (1.73)

×
(
Reφm + iImφm

) (
Reφl + iImφl

)
exp
[
− i

V

∑

n|k0
n>0

(m2 − k2
n)[(Reφn)2 + (Imφn)2]

]
.

For most values of km and kl this expression is zero since the extra factors of φ make the
integrand odd; indeed it follows from the reality condition φ∗(−k) = φ(k) that Reφm is
even, while Imφm is odd. The situation is more complicated when km = ±kl. Suppose
for example that k0

m > 0. Then if kl = +km, the term involving (Reφm)2 is non-zero, but
is precisely cancelled by the term involving (Imφm)2. If kl = −km, however, we get an
additional minus sign for the (Imφm)2 term (since Imφm is odd), and then the two terms
add. The situation is identical for k0

m < 0, and thus we get altogether

(1.73) =
1

V 2

∑

m

e−ikm·(x1−x2)
(∏

k0
n>0

−iπV
m2 − k2

n

) −iV
m2 − k2

m − iε
, (1.74)

where we have used that
∫
dReφn (Reφn)2 exp

[
− i

V
(m2 − k2

m)(Reφn)2
]

= iV
∂

∂m2

∫
dReφn exp

[
− i

V
(m2 − k2

m)(Reφn)2
]

= iV
∂

∂m2

√
−iπV

m2 − k2
n − iε

=
1

2

√
−iπV

m2 − k2
n − iε

−iV
m2 − k2

n − iε
. (1.75)

Now the factor in brackets in (1.74) is identical to the denominator, see (1.66), while the
rest of the expression is the discretised form of the Feynman propagator. Indeed, taking
the continuum limit (1.64) we get from (1.59)

〈Ω|T
(
φ(x1)φ(x2)

)
|Ω〉 =

∫
d4k

(2π)4

i e−ik·(x1−x2)

k2 −m2 + iε
= DF (x1 − x2) . (1.76)

This reproduces therefore exactly the correct Feynman propagator, including the iε pre-
scription.
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1.2. FUNCTIONAL QUANTIZATION OF SCALAR FIELDS

In order to check that this reproduces the Feynman rules we now consider higher corre-
lation functions. (We still consider just the free Klein-Gordon theory.) Inserting an extra
factor of φ in the numerator of the path integral (1.73) we see that the three-point function
vanishes since the integrand is now odd. All other odd correlation functions also vanish
for the same reason.

The four point function, on the other hand, has four factors of φ in the numerator.
Fourier-expanding the fields we obtain an expression similar to (1.73), but with a quadruple
sum over indices that we will call m, l, p and q. The integrand contains the product

(
Reφm + iImφm

) (
Reφl + iImφl

) (
Reφp + iImφp

) (
Reφq + iImφq

)
. (1.77)

Again most terms vanish because the integrand is odd. One of the non-vanishing terms
occurs when kl = −km and kq = −kp. After the Gaussian integrations this term of the
numerator is then

1

V 4

∑

m,p

e−ikm·(x1−x2) e−ikp·(x1−x2)
(∏

k0
n>0

−iπV
m2 − k2

n

) −iV
m2 − k2

m − iε
−iV

m2 − k2
p − iε

,

V→∞−→
(∏

k0
n>0

−iπV
m2 − k2

n

)
DF (x1 − x2)DF (x3 − x4) . (1.78)

Note that here we have here pretended that m 6= p since otherwise we do not just get the
square of (1.75) but rather

∫
dReφn (Reφn)4 exp

[
− i

V
(m2 − k2

m)(Reφn)2
]

=
3

4

√
−iπV

m2 − k2
n − iε

( −iV
m2 − k2

n − iε

)2

.

(1.79)
The combinatorial factor of 3 by which this differs from the square of (1.75) is taken care
of once we sum over the other ways of grouping the four momenta into pairs. Altogether
we then get

〈Ω|T
(
φ(x1)φ(x2)φ(x3)φ(x4)

)
|Ω〉 = DF (x1 − x2)DF (x3 − x4)

+DF (x1 − x3)DF (x2 − x4)

+DF (x1 − x4)DF (x2 − x3) . (1.80)

This agrees then exactly with the expression one obtains from applying Wick’s theorem.
By the same methods we can also compute higher (even) correlation functions. In

each case, the answer is just the sum of all possible contractions of the fields. The result
is therefore identical to that obtained from Wick’s theorem. This establishes that the
correlation functions obtained from the path integral formulation agree (for the free Klein-
Gordon theory) indeed with those obtained by applying the usual Feynman rules.

We are now ready to apply the same techniques to the φ4 theory. For this we add to
the Lagrangian of the free Klein-Gordon theory the φ4 interaction

L = L0 −
λ

4!
φ4 . (1.81)
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1.2. FUNCTIONAL QUANTIZATION OF SCALAR FIELDS

Assuming that λ is small, we can expand

exp
[
i

∫
d4xL

]
= exp

[
i

∫
d4xL0

] (
1− i

∫
d4x

λ

4!
φ4 + · · ·

)
. (1.82)

Making this substitution in both numerator and denominator of (1.59), we see that each
term (aside from the constant factor (1.66) which again cancels between numerator and
denominator) is expressed entirely in terms of free-field correlation functions. Furthermore,
using that i

∫
d3xLint = −iHint, we can rewrite (1.59) as

〈Ω|T
(
φ(x1)φ(x2)

)
|Ω〉φ4 = lim

T→∞(1−iε)

∫
Dφφ(x1)φ(x2) exp

[
i
∫ T
−T dtHint(φ)

]
exp

[
i
∫
d4xL0

]

∫
Dφ exp

[
i
∫ T
−T dtHint(φ)

]
exp

[
i
∫
d4xL0

] .

(1.83)
Since both numerator and denominator are just free field path integrals we can use the
above results to replace them by the appropriate time-ordered correlation functions, i.e.
we get

〈Ω|T
(
φ(x1)φ(x2)

)
|Ω〉φ4 = lim

T→∞(1−iε)

〈Ω|T
(
φ(x1)φ(x2) exp

[
i
∫ T
−T dtHint(φ)

])
|Ω〉free

〈Ω|T
(

exp
[
i
∫ T
−T dtHint(φ)

])
|Ω〉free

.

(1.84)
This then agrees precisely with the formula that was derived in QFT I.

1.2.3 Functional Derivatives and the Generating Functional

To conclude this section we shall now introduce a somewhat more elegant method to
compute correlation functions in the path integral formulation. This will parallel our
discussion for quantum mechanics from section 1.1.4.

First we generalise the functional derivative to functions of more variables, by defining

δ

δJ(x)
J(y) = δ(4)(x− y) or

δ

δJ(x)

∫
d4yJ(y)φ(y) = φ(x) . (1.85)

Functional derivatives of more complicated functionals are defined by applying the usual
product and chain rules of derivaties. So for example we have

δ

δJ(x)
exp
[
i

∫
d4y J(y)φ(y)

]
= iφ(x) exp

[
i

∫
d4y J(y)φ(y)

]
. (1.86)

Furthermore, if the functional depends on the derivative of J , we integrate by parts before
applying the functional derivative, i.e.

δ

δJ(x)

∫
d4y ∂µJ(y)V µ(y) = −∂µV µ(x) . (1.87)
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As in section 1.1.4 we now introduce the generating functional of correlation functions
Z[J ]. (This is sometimes also called W [J ].) For the scalar field theories at hand, Z[J ] is
defined as

Z[J ] ≡
∫
Dφ exp

[
i

∫
d4x

(
L+ J(x)φ(x)

)]
. (1.88)

Note that this differs by the usual functional integral over Dφ by the source term J(x)φ(x)
that has been added to the Lagrangian L. Correlation functions can now be simply com-
puted by taking functional derivatives of the generating functional. For example, the two
point function is

〈Ω|T
(
φ(x1)φ(x2)

)
|Ω〉 =

1

Z0

(
−i δ

δJ(x1)

) (
−i δ

δJ(x2)

)
Z[J ]|J=0 , (1.89)

where Z0 = Z[J = 0]. Here each functional derivative brings down a factor of φ in the
numerator of Z[J ]; setting J = 0 we then recover (1.59). To compute higher correlation
functions, we simply take more functional derivatives.

The formula (1.89) is very useful because in a free field theoy Z[J ] can be rewritten in
very explicit form. To see this, let us rewrite the exponent in the generating functional as

∫
d4x

[
L+ Jφ

]
=

∫
d4x

[
1
2
φ(−∂2 −m2 + iε)φ+ Jφ

]
. (1.90)

Here, the iε term is the convergence factor for the functional integral we discussed above.
We can complete the square by introducing a shifted field

φ′(x) = φ(x)− i
∫
d4yDF (x− y)J(y) . (1.91)

Recall that DF is a Green’s function of the Klein Gordon operator, i.e.

(−∂2 −m2 + iε)DF (x− y) = i δ(4)(x− y) , (1.92)

and hence that we can, more formally, write the change of variables as

φ′ = φ+ (−∂2 −m2 + iε)−1J . (1.93)

Making this substitution we then get
∫
d4x

[
L+ Jφ

]
=

∫
d4x

[
1
2

(
φ′ + i

∫
DFJ

)
[−∂2 −m2 + iε]

(
φ′ + i

∫
DFJ

)
+ Jφ

]

=

∫
d4x

[
1
2
φ′(−∂2 −m2 + iε)φ′ − φ′J

−1
2

∫
DFJ (−∂2 −m2 + iε)

∫
DFJ + J

(
φ′ + i

∫
DFJ

)]

=

∫
d4x

[
1
2
φ′(−∂2 −m2 + iε)φ′

]

−
∫
d4x d4y 1

2
J(x)(−iDF )(x− y) J(y) . (1.94)
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More formally, we can also write this as
∫
d4x

[
L+ Jφ

]
=

∫
d4x1

2

[
φ′(−∂2 −m2 + iε)φ′ − J(−∂2 −m2 + iε)−1J

]
. (1.95)

Now we change variables from φ to φ′ in the functional integral (1.88) . This is just a shift,
and hence the Jacobian of the transformation is 1. The result is therefore

Z[J ] =

∫
Dφ′ exp

[
i

∫
d4xL0(φ′)

]
exp
[
−i
∫
d4x d4y 1

2
J(x)(−iDF )(x− y) J(y)

]
. (1.96)

The second exponential factor is now independent of φ′, while the remaining integral over
φ′ is precisely Z0. Thus the generating function of the free Klein-Gordon theory is simply

Z[J ] = Z0 exp
[
−1

2

∫
d4x d4y J(x)DF (x− y) J(y)

]
. (1.97)

Let us now use this to calculate the correlation functions, following (1.89). The two-point
function is

〈Ω|T
(
φ(x1)φ(x2)

)
|Ω〉

= − δ

δJ(x1)

δ

δJ(x2)
exp
[
−1

2

∫
d4x d4y J(x)DF (x− y) J(y)

]∣∣∣∣
J=0

= − δ

δJ(x1)

[
−1

2

∫
d4yDF (x2 − y)J(y)− 1

2

∫
d4xJ(x)DF (x− x2)

]Z[J ]

Z0

∣∣∣∣
J=0

= DF (x1 − x2) . (1.98)

Note that in taking the second derivative only those terms survive where the functional
derivative removes the J-factors outside the exponential since the other terms vanish upon
setting J = 0. We therefore reproduce the correct formula.

It is instructive to work out the four-point function by this method as well. In order
not to clutter the notation, let us introduce the abbreviations φ1 ≡ φ(x1), Jx = J(x),
Dx4 = DF (x− x4), etc. Furthermore we shall use the convention that repeated subscripts
will be integrated over. The four-point function is then

〈Ω|T
(
φ1 φ2 φ3 φ4

)
|Ω〉

=
δ

δJ1

δ

δJ2

δ

δJ3

(
−JzDz4

)
exp[−1

2
JxDxyJy]

∣∣∣∣
J=0

=
δ

δJ1

δ

δJ2

(
−D34 + JzDz4JuDu3

)
exp[−1

2
JxDxyJy]

∣∣∣∣
J=0

=
δ

δJ1

(
D34JzDz2 +D24JuDu3 + JzDz4D23

)
exp[−1

2
JxDxyJy]

∣∣∣∣
J=0

=
(
D34D12 +D24D13 +D14D23

)
, (1.99)
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in agreement with (1.80). The rules for differentiating the exponential give rise to the same
familiar pattern: we get one term for each possible way of contracting the four points in
pairs, with a factor of DF for each contraction.

The generating functional method used above can also be used to represent the cor-
relation functions of an interacting field theory. Indeed, formula (1.89) is equally true in
an interacting theory. For an interacting theory, however, also the factor Z0 is non-trivial.
In fact, it is just given by the sum of vacuum diagrams. The combinatorical issues in
the evaluation of the correlation functions is then exactly the same as in the Feynman
diagrammatic approach.

1.3 Fermionic Path Integrals

For the application of the path integral methods to gauge theories we also need to be
able to deal with fermionic fields. In order to do so we need to introduce a little bit of
mathematical machinery, namely anti-commuting (or Grassmann) numbers. We will define
them by giving algebraic rules for manipulating them. These rules are somewhat formal
and may seem ad hoc; we will subsequently justify them by showing that they lead to the
familiar quantum theory of the Dirac equation.

The basic property of anti-commuting numbers is — not surprisingly — that they
anti-commute, i.e. if θ and η are anti-commuting numbers then

θ η = −η θ . (1.100)

In particular, the square of a Grassmann number is zero

θ θ = 0 . (1.101)

It is easy to see that a product of two Grassmann numbers (θ η) commutes with other
Grassmann numbers. The Grassmann numbers form a complex vector space, i.e. we can
add them and multiply them by complex numbers in the usual way; it is only among
themselves that they anti-commute. It is convenient to define complex conjugation to
reverse the order of the products, just like Hermitian conjugation

(θ η)∗ ≡ η∗ θ∗ = −θ∗ η∗ . (1.102)

We will want to define some integral calculus for these anti-commuting numbers, i.e.
we would like to define the expression

∫
dθf(θ) , (1.103)

where f(θ) is a complex-valued function defined on the space of Grassmann numbers. We
may expand the function f(θ) in a Taylor series as

f(θ) = f(0) + θf ′(0) , (1.104)
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1.3. FERMIONIC PATH INTEGRALS

and the series will terminate after the second term because of (1.101). Thus we have

∫
dθ f(θ) =

∫
dθ
(
f(0) + θf ′(0)

)
. (1.105)

The integral should be linear in f , i.e. it should be a linear combination of f(0) and f ′(0).
Furthermore, it should be invariant under shifting θ 7→ θ̂ = θ + η. Then we get

∫
dθ f(θ) =

∫
dθ
(
f(0) + θf ′(0)

)
=

∫
dθ̂
([
f(0)− ηf ′(0)

]
+ θ̂f ′(0)

)
. (1.106)

Thus we conclude that
∫
dθ 1 = 0 ,

∫
dθ f(θ) = const× f ′(0) . (1.107)

We may fix the constant to be equal to one, i.e. we may normalise our integral so that

∫
dθ θ = 1 . (1.108)

Then
∫
dθf(θ) = f ′(0), i.e. integration is effectively differentiation!

When we perform multiple integrals over more than one Grassmann variables a sign
ambiguity arises; we shall adopt the convention that

∫
dθ

∫
dη η θ = 1 , (1.109)

i.e. the innermost integral is performed first, etc.
One of the key properties of these Grassmann integrals is their behaviour under chang-

ing variables. Suppose we want to integrate

∫
dθn · · · dθ1f(θ1, . . . , θn) (1.110)

and we want to study the behaviour of the integral under a change of variables,

θi = Mijηj , (1.111)

where Mij is a complex matrix. In order to determine the corresponding Jacobian, we
write

1 =

∫
dθn · · · dθ1 θ1 · · · θn

= (Jacobian)

∫
dηn · · · dη1M1j1ηj1 · · ·Mnjnηjn

= (Jacobian) det(M) , (1.112)
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1.3. FERMIONIC PATH INTEGRALS

from which we conclude that

(Jacobian) = det(M)−1 . (1.113)

Note that this is precisely the inverse of what would have appeared for a usual commuting
integral. This maybe surprising property is essentially a consequence of the fact that
Grassmann integration is effectively differentiation, and hence behaves in the opposite way
under coordinate transformations as normal integration.

For a complex Grassmann variable θ we can introduce real and imaginary part in the
usual manner, i.e. we define

θ1 =
1

2
(θ + θ∗) , θ2 =

1

2i
(θ − θ∗) , (1.114)

so that θ = θ1 + iθ2. We can then treat θ1 and θ2 as independent variables, and hence
define ∫

dθ1dθ2 θ2θ1 = 1 , (1.115)

Written in terms of an integral over θ and θ∗, we then find

∫
dθ∗ dθ θ θ∗ = 1 . (1.116)

[In this case we have for the transformation matrix

M =

(
1
2

1
2i

1
2
− 1

2i

)
, det(M) =

i

2
, (1.117)

and hence the substitution formula becomes

1 =
2

i

∫
dθ dθ∗

1

4i
(θ − θ∗)(θ + θ∗) = −1

2

∫
dθ dθ∗

(
θ θ∗ − θ∗θ) , (1.118)

which then leads to (1.116).]
In order to get a feeling for what these integrals are let us evaluate a Gaussian integral

over a complex Gaussian variable

∫
dθ∗ dθ e−θ

∗bθ =

∫
dθ∗ dθ(1− θ∗bθ) =

∫
dθ∗ dθ(1 + θ θ∗ b) = b , (1.119)

where b is a complex number. Note that unlike a usual (commuting) Gaussian integral the
answer is proportional to b, rather than to 2π

b
. On the other hand, if we have an additional

factor of θθ∗ in the integrand, we get instead

∫
dθ∗ dθ θθ∗ e−θ

∗bθ = 1 =
1

b
· b , (1.120)
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i.e. the extra θθ∗ introduces a factor of (1/b), just as in the bosonic case.
For the case of a general multidimensional Gaussian integral involving a Hermitian

matrix B with eigenvalues bi we then get
∫ ∏

i

dθ∗i dθi e
−θ∗iBijθj =

∫ ∏

i

dθ∗i dθi e
−θ∗i biθi =

∏

i

bi = det(B) , (1.121)

where we have used that the Jacobian of the transformation putting the matrix into diag-
onal form, (U †BU)ij = δijbi is det(U) det(U)∗ = 1, since U is unitary. Similarly, one can
show (Exercise) that

∫ ∏

i

dθ∗i dθi θkθ
∗
l e
−θ∗iBijθj = (detB) (B−1)kl . (1.122)

Inserting another pair θmθ
∗
n in the integrand would yield a second factor (B−1)mn, as well

as a second term in which the indices l and n are interchanged (the sum of all possible
pairings). In general, except for the determinant appearing in the numerator rather than
the denominator, Gaussian integrals over Grassmann variables behave exactly the same as
in the usual commuting case.

1.3.1 The Dirac Propagator

A Grassmann field is a function of space-time whose values are anti-commuting numbers.
More precisely, we can define a Grassmann field ψ(x) in terms of a set of fixed Grassmann
variables ψi,

ψ(x) =
∑

i

ψiφi(x) , (1.123)

where the coefficient functions φi(x) are ordinary complex valued functions. For example,
to describe the Dirac field, i will run from i = 1, . . . , 4 and the φi can be identified with
the four components of a spinor.

With these preparations we can now also formulate the correlation functions of fermions,
in particular the Dirac fermion, in terms of a path integral. More specifically, we claim
that the analogue of the generating functional (1.88) is

Z[η̄, η] =

∫
Dψ̄Dψ exp

[
i

∫
d4x

(
ψ̄(i/∂ −m)ψ + η̄ ψ + ψ̄η

)]
, (1.124)

where η and η̄ are Grassmann-valued source fields. As before we can complete the square
by shifting

ψ 7→ ψ̂(x) = ψ(x)− i
∫
d4ySF (x−y) η(y) , ψ̄ 7→ ˆ̄ψ(x) = ψ̄(x)− i

∫
d4ySF (x−y) η̄(y) ,

(1.125)
where SF (x− y) is the Feynman propagator, i.e. the Green’s function for

(i/∂ −m)SF (x− y) = iδ(4)(x− y) , (1.126)
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which is explicitly given by

SF (x− y) =

∫
d4k

(2π)4

i e−ik·(x−y)

/k −m+ iε
. (1.127)

Since the Jacobian is trivial, we then get

Z[η̄, η] = Z0 · exp
[
i

∫
d4x d4y η̄(x)SF (x− y) η(y)

]
, (1.128)

where Z0 is the value of the generating functional with vanishing sources, η = η̄ = 0.
To obtain correlation functions, we will now differentiate Z[η̄, η] with respect to η and η̄.
First, however, we must adopt a sign convention for derivaties with respect to Grassmann
numbers. If η and θ are anticommuting variables, we define

d

dη
θ η = − d

dη
η θ = −θ . (1.129)

Then the two-point function is given by

〈Ω|T
(
ψ(x1) ψ̄(x2)

)
|Ω〉 =

∫
Dψ̄Dψ exp

[
i
∫
d4x ψ̄(i/∂ −m)ψ

]
ψ(x1) ψ̄(x2)∫

Dψ̄Dψ exp
[
i
∫
d4x ψ̄(i/∂ −m)ψ

]

= Z−1
0

(
−i δ

δη̄(x1)

)(
+i

δ

δη(x2)

)
Z[η̄, η]

∣∣∣∣
η̄=η=0

. (1.130)

Plugging in the explicit formula for (1.128) we then obtain

〈Ω|T
(
ψ(x1) ψ̄(x2)

)
|Ω〉 = SF (x1 − x2) . (1.131)

Alternatively, we can also do the ratio of path integrals directly. The denominator of the
first line of (1.130) is formally equal to

∫
Dψ̄Dψ exp

[
i

∫
d4x ψ̄(i/∂ −m)ψ

]
= det

[
−i(i/∂ −m)

]
, (1.132)

as follows from (1.121). On the other hand, according to (1.122), the numerator equals this
same determinant times the inverse of the operator −i(i/∂ − m). Evaluating this inverse
in Fourier space then leads directly to (1.127). Higher correlation functions of free Dirac
fields can be evaluated in a similar manner. The answer is always just the sum of all
possible full contractions of the operators, with a factor of SF for each contraction. This
then reproduces precisely the familiar result that one may obtain, for example, from Wick’s
theorem.

25



Chapter 2

Functional Quantization of Gauge
Fields

The goal of this chapter is to apply the functional methods that we developed so far to
gauge fields. We will derive the propagators of gauge fields, for example the photon field
Aµ (i.e. QED) and the gauge fields Aµ(a) of non-Abelian gauge theories like QCD. This
will lead to the Feynman rules for QED and QCD where we will see that the non-Abelian
case is much more subtle. We begin this analysis by studying gauge invariance which we
already know to be the main tool to make QED consistent (Ward identities etc.).

2.1 Non-Abelian Gauge Theories

The idea of gauge theories is to construct the Lagrangian of a theory by imposing sym-
metries that it should satisfy. In order to construct QED or QCD, we start from the free
Dirac Lagrangian

L = Ψ̄(i/∂ −m)Ψ (2.1)

and require that certain gauge symmetries are fulfilled. The new idea is to take the gauge
symmetry as the most fundamental ingredient of the theory and to take it as the starting
point to determine the structure of the whole theory.

2.1.1 U(1) Gauge Invariance

Imposing a U(1) gauge symmetry will lead to QED. The Lagrangian is said to be invariant
under U(1) if L does not change under the U(1) gauge transformation

Ψ→ Ψ′ = eiα(x)Ψ(x) with U(x) ≡ eiα(x) ∈ U(1) (2.2)

where U(1) denotes the 1 × 1 matrices U (i.e. complex numbers) that satisfy UU † = 1.
This is a local gauge transformation because the gauge transformation parameter α of
U(x) ∈ U(1) is space-time dependent.
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2.1. NON-ABELIAN GAUGE THEORIES

Note that the Lagrangian (2.1) is already invariant under a global U(1)-transformation.
It is reasonable to impose that it should also be invariant under a local gauge transforma-
tion. These transformations correspond to multiplications with phase factors which have
no observable effects. The term mΨ̄Ψ is not a problem because it is obviously invariant also
under local U(1)-transformations. A problem arises if we consider terms with derivatives:

∂µΨ −→ ∂µΨ′ = U(∂µΨ) + (∂µU)Ψ. (2.3)

We see that ∂µΨ does not transform covariantly (i.e. like Ψ). The partial derivative ∂µΨ
is not even well defined. This is because the derivative of Ψ(x) in the direction of a unit
vector nµ, given by

nµ∂µΨ = lim
ε→0

1

ε
[Ψ(x+ εn)−Ψ(x)] , (2.4)

is not well defined itself. This expression contains the difference of two fields at different
points in space-time which transform differently under the local gauge transformation.
Thus the transformation behaviour of this object is not well defined.

We solve this problem by defining a scalar quantity U(y, x) called comparator which
compensates for the difference in phase transformations from one point to another. We
impose that U(y, x) transforms as

U(y, x) −→ eiα(y)U(y, x)e−iα(x) with U(y, y) = 1. (2.5)

This implies that U(y, x)Ψ(x) and Ψ(y) have now the same transformation behaviour. We
can now define a covariant derivative by

nµDµ(Ψ) := lim
ε→0

1

ε
[Ψ(x+ εn)− U(x+ εn, x)Ψ(x)] (2.6)

which is well-defined because the two terms inside the brackets have the same transforma-
tion behaviour. Taking ε infinitesimal, we deduce that

U(x+ εn, x) = U(x, x)︸ ︷︷ ︸
=1

+εnµ
∂

∂yµ
U(y, x)

∣∣
y=x

+O
(
ε2
)

= 1 + igεnµAµ(x) (2.7)

where g is a conventional constant and Aµ(x) a vector field. The covariant derivative of Ψ
is

DµΨ(x) = ∂µΨ(x)− igAµΨ(x) . (2.8)

Note the analogy to general relativity. We consider here a covariant derivative of a field
Ψ. In general relativity, one considers covariant derivatives of vector fields:

DνV
µ = ∂νV

µ + ΓµλνV
λ. (2.9)
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2.1. NON-ABELIAN GAUGE THEORIES

So the gauge field Aµ takes the role which is taken by the Christoffel symbols in general
relativity. We remember from differential geometry that the Γµλν relate vector components
at different points in the space-time manifold if the vectors are parallel transported. We
can summarize this analogy as follows:

General Relativity Gauge Theory

Coordinate transformations ↔ Gauge transformations
Connection Γµλν ↔ Gauge potential Aµ

If we replace the usual derivative ∂µ by a covariant derivative Dµ in the Lagrangian
(2.1), we want to get the following transformation rule for the derivative term:

Ψ̄ /DΨ = Ψ̄′ /D
′
Ψ′

⇔ D′µΨ′ = U(x)DµΨ. (2.10)

We thus have to require

D′µΨ′ = (∂µ − igA′µ)U(x)Ψ(x)
!

= U(x) (∂µ − igAµ) Ψ (2.11)

This condition is satisfied if Aµ transforms as follows:

A′µ = U(x)AµU(x)−1 − i

g
U(x)−1 [∂µU(x)] . (2.12)

Rewriting U(x) = eiα(x) the U(1)-gauge transformation of the gauge field Aµ reads

A′µ = Aµ +
1

g
∂µα(x) . (2.13)

We want to write down a consistent Lagrangian describing the interactions between the
fermions (Ψ) and the gauge field (Aµ) for the photons. For this photon field to correspond
to a physical field, we need a kinetic term for it. The building block that we have in
order to construct such a kinetic term is essentially the covariant derivative. Because two
covariant derivatives still transform covariantly, we can look at the commutator of covariant
derivatives which is still a covariant object:

[Dµ, Dν ]Ψ(x) −→ U(x)[Dµ, Dν ]Ψ(x). (2.14)

On the right-hand side [Dµ, Dν ] appears as a multiplicative factor not acting on Ψ as a
derivative. This is because the commutator of two covariant derivatives is in fact no longer
a derivative:

[Dµ, Dν ]Ψ = [(∂µ − igAµ) (∂ν − igAν)− (∂ν − igAν) (∂µ − igAµ)] Ψ(x)

= −ig [(∂µAν − ∂νAµ)] Ψ(x)

= −igFµνΨ(x) (2.15)
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2.1. NON-ABELIAN GAUGE THEORIES

where Fµν is the field strength tensor of the gauge field Aµ. It follows from these consider-
ations that Fµν is gauge invariant (→ exercise). The kinetic term for Aµ reads −1

4
FµνF

µν

so that we finally have the following locally U(1) gauge invariant QED Lagrangian:

LQED = Ψ̄(i /D −m)Ψ− 1

4
FµνF

µν . (2.16)

We see immediately that the photon is massless because a mass term like 1
2
mγAµA

µ would
break gauge invariance. Note also that this Lagrangian is completely determined by the
gauge invariance requirements: by demanding local U(1) invariance of L, we are forced to
introduce a vector field Aµ (the photon field) which couples to the Dirac particle Ψ with
charge −g. The transformation rule of this new vector field is then fixed by demanding
the covariance of DµΨ. Local U(1) invariance therefore completely dictates QED.

One could now easily derive the Feynman rules as in QFT I. One would obtain the
usual factor of −igγµ for the photon-fermion vertex. The gauge boson propagator would
arise from −1

4
FµνF

µν . It reads − igµν

q2 . The fermion propagator is i
/p−m and it arises from

Ψ̄(i/∂−m)Ψ. We will soon be able to derive these results in the path integral formulation.

2.1.2 SU(N) Gauge Invariance

SU(N) Transformations

SU(N) describes the non-Abelian group of all unitary transformations U in N dimensions
which satisfy

UU † = 1 and detU = 1. (2.17)

Any U ∈ SU(N) can be written as

U(x) = eiαa(x)Ta (2.18)

where αa(x) are the group parameters (real functions) and T a are called the generators of
SU(N).

These generators T a can be written as N×N matrices which are hermitian ((T a)† = T a)
and traceless (tr T a = 0). They satisfy the Lie algebra commutation relations

[T a, T b] = ifabcT c (2.19)

with fabc being the real, antisymmetric structure constants of SU(N). We have

[T a, [T b, T c]] + [T b, [T c, T a]] + [T c, [T a, T b]] = 0. (2.20)

From this relation we also get

fadef bcd + f bdef cad + f cdefabd = 0 (2.21)
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which is called the Jacobi identity.
The number of generators T a, i.e. the dimension of the Lie algebra is

d = N2 − 1 (2.22)

as one can easily verify by considering the properties of hermitian, traceless N × N ma-
trices: such a matrix has 2N2 real parameters of which N2 are fixed by unitarity and one
further parameter is fixed by the condition detU = 1, such that a = 1, ..., N2 − 1.

We have the following representations of SU(N):

• Fundamental Representation:
The fundamental representation is N -dimensional. It consists of N × N special
unitary matrices T aij acting on a space of complex vectors

Ψ =




Ψ1
...

ΨN


 . (2.23)

• Adjoint Representation:
The adjoint representation is (N2− 1)-dimensional. The generators are given by the
structure constants:

T bac = ifabc (2.24)

which are therefore (N2 − 1) × (N2 − 1) matrices. The Jacobi identity is trivially
satisfied because

[T b, T c]ae = if bcdT dae. (2.25)

Choice of basis: for the matrices T aij, we consider (N2−1) hermitian, traceless matrices
which can be chosen such that

tr(T aT b) = TRδ
ab (2.26)

where the constant TR is a freely chosen normalization constant of the representation
R. Here we consider TR = 1

2
.

Local SU(N) Gauge Invariance of L
Consider an N -dimensional fermion multiplet

Ψ =




Ψ1
...

ΨN


 . (2.27)
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Note that in QCD, N = 3, so that Ψ is a triplet and SU(3) describes the rotations in color
space. As in the case of QED, we demand that L shall be invariant under a local SU(N)
transformation of Ψ characterized by

Ψ(x) −→ Ψ′(x) = V (x)Ψ(x) ≡ eiαa(x)TaΨ(x). (2.28)

The strategy is the same as in QED. We start by constructing a covariant derivative. We
define a comparator U(y, x) which is an N ×N matrix transforming as

U(y, x) −→ V (y)U(y, x)V (x)† with U(y, y) = 1 (2.29)

such that Ψ(y) and U(y, x)Ψ(x) transform in the same way. The covariant derivative is
again characterized by

nµDµΨ = lim
ε→0

1

ε
[Ψ(x+ εn)− U(x+ εn, x)Ψ(x)] . (2.30)

We expand the comparator as a Taylor series in terms of the Hermitian operators near
U = 1:

U(x+ εn, x) = 1 + igεnµAaµT
a +O(ε2) (2.31)

where AaµT
a is a Lorentz vector field (the sum is over the generators of the gauge group,

a = 1, ..., N2 − 1). Therefore, we find

D(SU(N))
µ = ∂µ − igAaµT a. (2.32)

Requiring SU(N) gauge invariance means that

Ψ̄′ /D
′
Ψ′

!
= Ψ̄ /DΨ. (2.33)

So DµΨ has to transform exactly like Ψ (“covariantly”),

DµΨ −→ D′µΨ′ = eiα
a(x)TaDµΨ. (2.34)

Imposing the covariance of DµΨ gives us a condition on how the gauge fields A
(a)
µ have

to transform. We can either do this with the “full” transformation and see what the
transformation A

(a)
µ → A

′(a)
µ has to look like. Or we derive the transformation of A

(a)
µ

infinitesimally. We will follow the latter approach. In order to do so, we consider an
infinitesimal transformation, given by

Ψ(x) −→ Ψ′(x) = V (x)Ψ(x) (2.35)

with V (x) = 1 + iαa(x)T a.

Under this transformation Aµ also transforms infinitesimally:

Aµ −→ A′µ = Aµ + δAµ. (2.36)
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The invariance condition reads

D′µΨ′ =

=D′µ︷ ︸︸ ︷(
∂µ − igT cA′cµ

) =VΨ=Ψ′︷ ︸︸ ︷
(1 + iαaT a) Ψ

!
= (1 + iαaT a)︸ ︷︷ ︸

=V

(
∂µ − igT cAcµ

)
︸ ︷︷ ︸

=Dµ

Ψ (2.37)

⇔ −igT cδAcµ + i(∂µα
a)T a − i2gT cA′cµαaT a

!
= −i2gαaT aT cAcµ

⇔ T cδAcµ =
1

g
(∂µα

a)T a + i[T a, T c]αaAcµ

⇔ δAaµT
a =

[
1

g
∂µα

a − fabcαbAcµ
]
T a (2.38)

such that finally

A′aµ = Aaµ +
1

g
∂µα

a + fabcAbµα
c (2.39)

the first two terms of which are analogous to QED and the last part corresponds to a term
related to the non-Abelian nature of SU(N).

Next, we need a kinetic term for Aaµ (the analogue of −FµνF µν in QED). To this end,
observe that

[Dµ, Dν ]Ψ(x) −→ V (x)[Dµ, Dν ]Ψ(x). (2.40)

Furthermore, we can write the commutator of two covariant derivatives as a field strength
tensor (→ exercise):

[Dµ, Dν ] = −igF a
µνT

a (2.41)

with F a
µν = ∂µA

a
ν − ∂νAaµ + gfabcAbµA

c
ν . (2.42)

Note that (unlike in QED) F a
µν is not gauge invariant under the gauge transformation of

Aaµ. In fact, it transforms in the adjoint representation of SU(N) (→ exercise):

F a
µν −→ F a

µν + δF a
µν = F a

µν − gfabcαbF c
µν . (2.43)

Thus, in order to make L invariant, we do not use F a
µν directly but rather the trace,

tr
(
F

(a)
µν F (a)µν

)
, which is indeed gauge invariant:

δ
(
F a
µνF

µνa
)

= 2
(
δF a

µν

)
F µνa

= −2gfabcαbF c
µνF

µνa

= 0 (2.44)
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where we used that fabc is totally antisymmetric, whereas F c
µνF

µνa is symmetric under
a↔ c.

We now have all the ingredients to build a locally SU(N) invariant Lagrangian. We
just have to use covariant derivatives instead of usual derivatives and we have to make sure
that L depends on gauge invariant terms like F a

µνF
µνa. Of course, it has to be invariant

also under global SU(N) transformations.
For N = 3, the classical QCD-Lagrangian containing the Yang-Mills part reads

Lclass.
QCD = −1

4
F a
µνF

µνa

︸ ︷︷ ︸
LYM

+ Ψ̄(i /D −m)Ψ︸ ︷︷ ︸
LF

(2.45)

where −1
4
F

(a)
µν F µν(a) is a gauge-invariant kinetic term for A

(a)
µ . It is called the Yang-Mills

term and Lclass.
QCD is called a Yang-Mills Lagrangian.

It follows a list of the propagators and vertices in Lclass.
QCD. The derivation of these using

the functional approach will be sketched in section 2.3.1. Propagators for Aaµ come from
the term (∂µA

a
ν − ∂νAaµ)(∂µAνa − ∂νAµa):

µ, a ν, b

k
= − igµν

k2+iε
δab

Three boson interaction terms arise from (∂µA
a
ν − ∂νAaµ)(−gfabcAbµAcν). The three gluon

vertex reads (→ exercise)

Aa
µ(k1)

Ac
λ(k3)Ab

ν(k2)

= gfabc[gµν(k1 − k2)
ρ

+gνρ(k2 − k3)
µ

+gρµ(k3 − k1)
ν]

The four gluon vertex reads

Aa
µ Ab

ν

Ac
λ Ad

ρ

= −ig2[fabef cde(gµλgνρ − gµρgνλ)

+facef bde(gµνgλρ − gµρgνλ)

+fadef bce(gµνgλρ − gµλgνρ)]
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2.1. NON-ABELIAN GAUGE THEORIES

The second part of the Lagrangian, LF , gives rise to the well known propagator for fermions
(coming from Ψ̄(i/∂ −m)Ψ). Furthermore we get a gauge boson-fermion interaction term
which arises from Ψ̄igγ

µT aijΨjA
a
µ:

Aa
µ

qj qi

= −igγµT a
ij

Finally we make some remarks concerning the form of Lclass.
QCD. A priori the term

−1
4
F

(a)
µν F (a)µν is not the only invariant term that one can add to the Lagrangian which

can serve as kinetic term for A
(a)
µ . We note that Lclass.

QCD contains operators of mass dimen-
sion 4. Since

S =

∫
d4x L (2.46)

has mass dimension 0, L has to have mass dimension 4 (d4x has mass dimension −4).
Other possible terms in Lclass.

QCD could be

• of mass dimension 4: terms like εαβµνFαβFµν . However, this term is not very useful
because it violates P- and T-invariance and therefore also CPT.1

• of mass dimension higher than 4: Possible extra terms include (FµνF
µν)2. However,

to keep L of dimension 4, these terms have to be multiplied by couplings of negative
mass dimensions. Such terms are forbidden by the requirement of renormalizability.

If we require CPT-invariance and renormalizability, then the kinetic term defined above
(−1

4
F

(a)
µν F µν(a)) is the only allowed term to be included in Lclass.

QCD.

2.1.3 Polarisation Vectors for the Gauge Fields

In this section we will outline a problem that arises due to the non-Abelian nature of the
gauge fields of SU(N)-invariant theories. We start by deriving the equation of motion
of Aµ, the free photon field of QED. In QFT I we derived the corresponding equation of
motion starting from

LQED = −1

4
FµνF

µν − 1

2
(∂µA

µ)2 (2.47)

1The invariance of CPT is a well-established theorem. An experimental test is given by the measurement
of K0 and K̄0 masses. As a consequence of CPT the masses should be equal. Experiments show that
|mK0 −mK̄0 | < 8× 10−9.

34



2.1. NON-ABELIAN GAUGE THEORIES

where the last term is the (Lorenz) gauge fixing term. The variation of L with respect to
Aµ yields the equation of motion

�Aµ = 0 (2.48)

which has the usual plane wave solutions

Aµ(k) = εµ(k)e−ikx. (2.49)

We have seen that only two of the four components of εµ are physical. If we choose a
particular representation for kµ and εµ, these are given, for example, by

kµ =




k
0
0
k


 , ε(0) =




1
0
0
0


 , ε(1) =




0
1
0
0


 , ε(2) =




0
0
1
0


 , ε(3) =




0
0
0
1


 , (2.50)

the physical components are ε(1) and ε(2). Using nµ given by nµ = (k, 0, 0, k), such that
n · k 6= 0, n · ε(1,2) = 0, the “sum“2 over all polarisation states is

3∑

λ=0

ε∗(λ)
µ ε(λ)

ν = −gµν (2.51)

and the “sum“ over non-physical (longitudinal and scalar) contributions (λ = 0, 3) is given
by

∑

λ=0,3

ε∗(λ)
µ ε(λ)

ν = −nµkν + kµnν
n · k . (2.52)

In QED, an external photon couples always to a conserved current. Therefore in squared
amplitudes like the one in fig. (2.1), one can use

MµM∗ν
∑

λ=0,3

ε∗(λ)
µ ε(λ)

ν = 0 (2.53)

because after inserting (2.52), the λ = 0, 3 polarisations give a zero contribution due to
the Ward identity (gauge invariance)

k1µM
µ = k2νM

ν = 0 (2.54)

as seen in QFT I. In QED the unphysical polarisations therefore do not contribute to the
process and in calculations one can use

∑

phys.
(λ=1,2)

ε∗(λ)
µ ε(λ)

ν = −gµν . (2.55)

2Note that (as seen in QFT I), the ”sum” over polarisations λ is not really a sum. The time-like
component is multiplied with a minus sign while the spatial components are multiplied with a plus sign
implicitly.
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νµ

jµ jν

Figure 2.1: External photons couple to conserved currents in QED.

ρ σ

µ ν

δ γ

Figure 2.2: An amplitude which causes problems with QCD polarisation sums: the gluons
couple to themselves in 3-gluon and 4-gluon vertices, so unphysical polarisations do not
necessarily cancel a priori.

For non-Abelian Yang-Mills theories (like QCD) we also have A
(a)
µ = εµ(k)e−ikx with

only two physical polarisations. However, due to the presence of 3-boson and 4-boson in-
teractions we expect non-vanishing contributions from unphysical (scalar and longitudinal)
polarisations (ε(0), ε(3)) in processes with two external gluons.

As depicted in fig. 2.2, the bosons couple to themselves. We have

kµV
µρδ(k, ...) 6= 0 (2.56)

so that using Lclass.
QCD, we have a priori a problem satisfying the Ward identities as given in

Eq. (2.54) for the QED case.

2.2 Quantization of the QED Gauge Field Aµ

Before we turn to the quantization of non-Abelian gauge theories, we want to see how the
procedure works in the simpler case of QED. We will first derive the photon propagator
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2.2. QUANTIZATION OF THE QED GAUGE FIELD Aµ

by means of finding the Green’s function that is the inverse of the corresponding term in
the Lagrangian. Afterwards we derive the propagator using functional techniques.

2.2.1 The Green’s Function Approach

We start with the Lagrangian that contains a gauge fixing term,

L = −1

4
FµνF

µν − 1

2ξ
(∂µA

µ)2 (2.57)

where ξ is a gauge parameter. The last (gauge fixing) term is added to L to remove

physically equivalent field configurations. Gauge fields Aµ and Ãµ are equivalent if they
differ by ∂µα(x). In particular the fields Aµ = 0 and A′µ = ∂µα(x) are gauge equivalent and
both lead to L = 0. Fixing the gauge in this way is crucial because otherwise it would not
be possible to find the desired propagator. We will make these statements more precise in
the next section when we derive the propagator using functional integrals.

Using integration by parts and assuming that surface terms vanish, we have

∫
d4x ∂µφ∂

µφ = −
∫
d4x φ�φ+

∫
d4x ∂µ(φ∂µφ)

︸ ︷︷ ︸
=0

(2.58)

where � = ∂µ∂
µ. We can thus rewrite L as

L =
1

2
Aµ
[
gµν�+

(
1

ξ
− 1

)
∂µ∂ν

]
Aν (2.59)

corresponding to the Green’s function in configuration space:

[
gµν�−

(
1− 1

ξ

)
∂µ∂ν

]
Dνλ
F (x− y) = δ(4)(x− y)δλµ. (2.60)

In momentum space this relation reads

[
−k2gµν +

(
1− 1

ξ

)
kµkν

]
Dνλ
F (k) = δλµ. (2.61)

This equation can be inverted. Indeed, one easily verifies that

iDµν
F (k) =

−i
k2 + iε

(
gµν − (1− ξ)k

µkν

k2

)
. (2.62)

The choice ξ = 1 is called the Feynman gauge. The physics is unaffected by the choice of
a gauge. In different contexts, a particular choice of gauge may be more convenient than
another.
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2.2. QUANTIZATION OF THE QED GAUGE FIELD Aµ

2.2.2 Functional Method

The functional integral reads

∫
DAµ eiS[Aµ] =

∫
DAµ ei

∫
d4x L (2.63)

and we have to determine L to render this integral finite. If we just use L = −1
4
FµνF

µν ,
we can draw inconsistent conclusions, because we have in this case

∫
d4x L =

1

2

∫
d4x Aµ(x) [gµν�− ∂µ∂ν ]Aν(x). (2.64)

The associated Green’s function should satisfy

[gµν�− ∂µ∂ν ]iDνλ(x− y) = δ(4)(x− y)δλµ. (2.65)

Multiplication with ∂µ yields

0 · ∂νiDνλ
F (x− y) = ∂λδ(4)(x− y). (2.66)

So we cannot find an inverse of Dνλ
F (x− y), which is thus formally infinite. This is because

[gµν�− ∂µ∂ν ] has no inverse:

[gµν�− ∂µ∂ν ]∂µX = 0. (2.67)

The underlying problem has to do with gauge invariance in the following sense. The
integral

∫
DAµ integrates over all possible field configurations for Aµ including those which

are equivalent (by gauge transformation). In order to perform the functional integral
and to obtain a finite result, we need to isolate the physical (i.e. non-equivalent) field
configurations and count them only once.

We will now introduce a gauge fixing method (Faddeev-Popov) which solves this
problem. To this end, we consider a gauge fixing function G(Aµ) (for example G(Aµ) =
∂µA

µ for the Lorenz gauge). This function constrains the path integral to configurations
which satisfy G(Aµ) = 0. In order to include this constraint in the path integral, we need to
introduce a δ-function that ensures the gauge condition. For the discretized path integral
we would insert

1 =

∫ (∏

i

dai

)
δ(n)(g(a)) det

(
∂gi
∂aj

)
. (2.68)

The continuum generalization reads

1 =

∫
Dα(x) δ

(
G(Aαµ)

)
det

(
δG(Aαµ)

δα

)
(2.69)
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where the determinant is a functional determinant and

Aαµ(x) ≡ Aµ(x) +
1

e
∂µα(x) (2.70)

denotes a locally U(1)-gauge transformed field. In Lorenz gauge, the gauge fixing function
reads

G(Aαµ) = ∂µA
µ +

1

e
∂2α. (2.71)

so that

det

(
δG(Aαµ)

δα

)
=

1

e
det
(
∂2
)

(2.72)

which is independent of Aµ and independent of α and can thus be treated as a constant
in the functional integral; it can be taken outside of this integral. The δ-function that
we will introduce in the path integral ensures that only fields which satisfy G(Aαµ) = 0
are integrated over and only the non-equivalent fields are considered. Inserting (2.69) in
(2.63), we get

∫
DAµ exp

[
i

∫
d4x L

]
= det

(
δG(Aαµ)

δα

)∫
Dα(x)

∫
DAµ eiS[Aµ]δ(G(Aαµ))

= det

(
δG(Aαµ)

δα

)∫
Dα(x)

∫
DAαµ eiS[Aαµ ]δ(G(Aαµ))

= det

(
δG(Aαµ)

δα

)∫
Dα(x)

∫
DAµ eiS[Aµ]δ(G(Aµ)) (2.73)

where we first shifted the field Aµ to Aαµ (S[Aµ] is gauge invariant and thus S[Aµ] = S[Aαµ])
and dropped the dummy index α in the last step. We need to fix the function G(Aµ)
and we want to do this by adding a scalar function to the Lorenz gauge condition in the
following sense:

G(Aµ) = ∂µA
µ(x)− w(x). (2.74)

Since the determinant in (2.72) is independent of Aµ and α, we find for (2.73)

∫
DAµ eiS[Aµ] ∼ det(∂2)

∫
Dα(x)

∫
DAµ eiS[Aµ]δ (∂µA

µ − w(x)) . (2.75)

We have now achieved to isolate the divergent path integral over gauge orbits
∫
Dα so

that it can be absorbed into the infinite constant. The remaining part of the path integral
contains the desired δ-function which ensures that we pick only one representative of each
gauge orbit and thus integrate only over gauge-inequivalent field configurations. Note that
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the complete expression (2.75) is still gauge invariant. If we had just implemented the δ-
function in the original path integral (2.63), then we would have destroyed the invariance
under changes in w. Eq. (2.75) holds true for all functions w(x) that generalize the
Lorenz gauge condition. Therefore, the above relation also holds for linear combinations
with different functions w(x). We form an infinite linear combination by integrating the
complete expression (2.75) over all w(x) with a Gaussian damping factor which renders
the w-integral finite:

w −→
∫
Dw e−i

∫
d4x w2

2ξ (2.76)

where ξ is an arbitrary constant. Performing the w-integration using the δ-function
δ(∂µA

µ − w(x)), we are left with the following integral:

N(ξ) det

(
δG(Aµ)

δα

)∫
Dα

︸ ︷︷ ︸
=C(ξ)=const.

∫
DAµ ei

∫
d4x [L0− 1

2ξ
(∂µAµ)2]. (2.77)

Ignoring all irrelevant (infinite) constants, as a net effect we have added a new term
− 1

2ξ
(∂µA

µ)2 to the Lagrangian that appears in the functional integral
∫
DAµ eiS[Aµ]. The

gauge fixed Lagrangian reads

L = L0 −
1

2ξ
(∂µA

µ)2 (2.78)

with L0 = −1
4
FµνF

µν . The Lagrangian (2.78) contains exactly the kind of gauge fixing
term that we already know from the operator quantization method developed in section
2.2.1 and also seen in QFT I.

Using this gauge fixed Lagrangian, we can derive the Feynman rules using the generating
functional

Z[J ] =

∫
DAµ exp

[
i

∫
d4x L+ JµAµ

]
(2.79)

where Jµ is the source term for the vector field Aµ. This enables us to calculate, for
instance, correlation functions as derivatives of Jµ. For example, the two-point function
reads

〈Ω|T Aµ(x1)Aν(x2)|Ω〉 =
1

Z0

(
δ

δJµ(x1)

δ

δJν(x2)

)
Z[J ]

∣∣∣∣
J=0

(2.80)

with Z0 = Z[J ]|J=0. To evaluate (2.80), consider the following steps:

1. Write L as a quadratic operator in Aµ.
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2. Write Z[J ] by completing the squares using a shift in Aµ:

Aµ(x) −→ Aµ(x) +

∫
d4y Dµν(x− y)Jν(y). (2.81)

This yields

Z[J ] = exp

[
i

2

∫
d4xd4y Jµ(x)Dµν(x− y)Jν(y)

]
· Z0 (2.82)

(→ exercise).

2.3 Quantization of the non-Abelian Gauge Field Aa
µ

We want to use similar methods as those in the previous section and apply them to non-
Abelian gauge theories. In the pure gauge theory with only non-abelian gauge fields (Aaµ),
we have to make sense of the integral

∫
DA exp

[
i

∫
d4x

(
−1

4

(
F a
µν

)2
)]

(2.83)

by restricting the generating functional path integral to regions of non-equivalent field
configurations. We insert into this integral the identity

1 =

∫
Dβ δ

(
G(Aβµ)

)
det

(
δG(Aβµ)

δβ

)
(2.84)

where Aβµ is the gauge transformed field given for each a (a = 1, ..., N2 − 1) by

(Aβµ)a = Aaµ +
1

g
∂µβ

a + fabcAbµβ
c

= Aaµ +
1

g
(Dµβ)a. (2.85)

The function βa(x) is analogous to the function α(x) in the QED-case but it carries an
index a because we can choose a different function for every component Aaµ of Aµ. The
covariant derivative Dµ acts here on a field in the adjoint representation. We have to pay
attention because we use two covariant derivatives in different representations:

DµΨ = (∂µ − igAaµT a)Ψ (fundamental representation, c.f. Eq. (2.32)), (2.86)

(Dµβ)a = ∂µβ
a + gfabcAbµβ

c (adjoint representation). (2.87)

The expression for the adjoint covariant derivative can easily be found using (T aAdj.)
bc =

if bac.
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We will use a gauge condition which is analogous to the Abelian case:

G(A(a)
µ ) = ∂µA

µ(a) − wa(x). (2.88)

The essential difference to the Abelian case can be seen if we note that Eq. (2.85) implies

δG(Aβ)

δβ
=

1

g
∂µD

µ (2.89)

where the right-hand side depends on Aµ. Therefore det
(
δG(Aβ)
δβ

)
cannot be pulled out of

the functional integral and so it cannot be absorbed into the irrelevant constant. However,
the determinant can be written as a functional integral over a set of anticommuting fields
which live in the adjoint representation (cf. the discretized formula (1.112)):

det

(
1

g
∂µD

µ

)
=

∫
DcDc̄ exp

[
i

∫
d4x c̄(−∂µDµ)c

]
(2.90)

where we absorbed 1
g

in the definition of c. The fields c and c̄ are complex fictitious fields

because on the one hand they obey the Grassmann algebra (a characteristic property of
fermions), but on the other hand they are scalar fields (which is a property of bosons).
This shows that they violate the spin statistics theorem and are thus unphysical. The
fields c, c̄ are called Faddeev Popov ghost fields.

In order to calculate the functional integral we perform the same trick as in the Abelian
case: we insert a redundant 1 as defined in Eq. (2.84) and integrate over wa with a Gaussian
weighting function. This yields

∫
DA exp

[
i

∫
d4x

(
1

4
F a
µνF

µνa

)]
=

= N(ξ)

∫
Dwa exp

[
−i
∫
d4x

(wa)2

2ξ

] ∫
Dβ
∫
DA ei

∫
d4x L δ (∂µA

µa − wa(x))

× det

(
1

g
∂µD

µ

)

︸ ︷︷ ︸
=
∫
DcDc̄...

.

(2.91)

Integrating over wa using the δ-function (as in the case of QED), we find

(2.91) = Nα

∫
DAµDcDc̄ exp

[
i

∫
d4x

(
L − 1

2ξ
(∂µA

µa)2 + c̄(−∂µDµ)c

)]
(2.92)

where the last two terms in the exponential are the gauge fixing and the ghost terms,
respectively. Writing

−∂µDµ = −∂2 + g∂µf
abcAµb (2.93)
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we find for the ghost term

∫
d4x Lghost ≡

∫
d4x c̄(−∂µDµ)c =

∫
d4x c̄a

(
−∂2δac + g∂µfabcAbµ

)
cc

=

∫
d4x c̄a(−∂2δac)cc − g(∂µc̄

a)fabcAµbcc. (2.94)

We can now immediately deduce the Feynman rules for ghosts. The two-point interaction
term c̄a(−∂2δac)cc leads to the ghost propagator

k
ba = iδab

k2+iε

The ghost-ghost-gauge boson vertex comes from −g(∂µc̄
a)fabcAµbcc and it reads

µ, b

p = −gfabcpµ

a c

The quantized Lagrangian (with only non-abelian gauge fields) is

L
A

(a)
µ

= −1

4
F a
µνF

µνa

︸ ︷︷ ︸
LYM

− 1

2ξ
(∂µA

µ)2

︸ ︷︷ ︸
Lgauge fix

+ (∂µc̄a)Dac
µ c

c

︸ ︷︷ ︸
Lghost

. (2.95)

We see that ghosts enable us to quantize the Aµ(a) fields such that the functional integral
becomes finite.

For N = 3, the quantized QCD Lagrangian including also fermions reads

LQCD = L
A

(a)
µ

+ LF

where LF = Ψ̄i
(
iγµDij

µ −mδij
)

Ψj.
(2.96)

Note that, as we mentioned above, in LQCD there appear covariant derivatives living in
different representations. The Dij

µ in LF given in Eq. (2.45) lives in the fundamental
representation of SU(3) whereas the derivative in Lghost, lives in the adjoint representation.

We have now all ingredients to calculate Feynman diagrams in non-Abelian gauge theo-
ries, in particular in QCD. Ultimately the ghost field is just another field in the Lagrangian
that can be accounted for in perturbation theory using the usual rules.
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2.3.1 Feynman Rules for QCD

In order to derive the Feynman rules, we need to separate

LQCD = Lfree + Lint. ≡ LQCD

∣∣
g=0

+ Lint.. (2.97)

For both Lfree and LQCD we can define generating functionals Z0[Jφα ] and Z[Jφα ] for all
fields φα. From these one can then calculate n-point correlation functions as n-th deriva-
tives of Z[Ji] with respect to Ji. Propagators can then be obtained as second derivatives
of Z[Jφα ] using Lfree. The vertices can be obtained using Lint. expanded in a perturbation
series (g � 1).

Propagators

Formally, the full generating functional Z[Jα] with independent source terms Jα for all

fields (fermions Ψi, anti-fermions Ψ̄i, ghosts η, anti-ghosts η̄ and gauge fields A
(a)
µ ) is

Z[J iΨ,J
i
Ψ̄, Jη, Jη̄, JA] =
∫
DΨiDΨ̄iDηDη̄DAµ exp

[
i

∫
d4x

(
LQCD + JµaA Aaµ + J iΨ̄Ψi + Ψ̄iJ iΨ + Jaη̄ η

a + η̄aJaη
)]
.

(2.98)

The free generating functional looks exactly the same but with Lfree instead of LQCD in
the exponential. Note that in the exponential, JµaA is the only commuting variable. All the
source terms related to Ψi, Ψ̄i, η, η̄ are Grassmann variables.

The free generating functional Z0[J iΨ, J
i
Ψ̄
, Jη, Jη̄, JA] can be rewritten as a product of

simpler generating functionals involving only one type of fields and only the corresponding
part in Lfree:

Z0[J iΨ, J
i
Ψ̄, Jη, Jη̄, JA] = Z0[JA] · Z0[J iΨ, J

i
Ψ̄] · Z0[Jη, Jη̄] (2.99)

where

Z0[JA] =

∫
DA(a)

µ exp

[
i

∫
d4x

(
L(G′)

0 + JµaA Aaµ

)]
(2.100)

with L(G′)
0 = LYM + Lgauge fix,

Z0[J iΨ, J
i
Ψ̄] =

∫
DΨiDΨ̄i exp

[
i

∫
d4x

(
L(Ψi)

0 + J iΨ̄Ψi + Ψ̄iJ
i
Ψ

)]
(2.101)

with L(Ψi)
0 = LF given in Eq. (2.96).

Z0[Jη, Jη̄] =

∫
DηDη̄ exp

[
i

∫
d4x

(
L(FP)

0 + Jaη̄ η
a + η̄aJaµ

)]
(2.102)

with L(FP)
0 = free part of L(FP).

(2.103)
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3 We need to get a suitable expression for Z0 [Jφα ] which allows for the above mentioned
calculations. The complete calculations are rather lengthy and we will not do them here.
Instead we outline the general procedure how one could derive propagators and vertices.
Any propagator can be calculated by means of the following receipt:

1. For any field φα start by writing Lfree(φα) in a form which is quadratic in the fields.
For the gluon we obtain Lfree ∼ AaµOµνAaν .

2. Then use a shift in the fields to complete the square and to obtain for each field a
generating functional Z0 [Jφα ] of the form

Z0 [Jφα ] = exp

[
i

2

∫
d4xd4y

(
Jφα(x)Dφα(x− y)Jφα(y)

)]
(2.104)

where Dφα(x−y) satisfies the defining equation for Green’s functions. One can show
(→ exercise) that for the gluon it assumes the form (in configuration space)

Dab
µν(x) = δab

∫
d4k

(2π)4

e−ikx

k2 + iε

(
gµν − (1− ξ)kµkν

k2

)
. (2.105)

The gluon propagator thus reads (in momentum space)

µ, a ν, b

k
= − i

k2+iε
δab


gµν − (1− ξ)k

µkν

k2




(2.106)

Vertices

Having outlined the general procedure to find propagators, we now turn to the task of
calculating vertex rules. The vertices can be obtained in a similar way using the generating
functional for the full theory including interacting fields. It is given by the following formula
which we will prove at the end of this section:

Z[JAµ , JΨ, JΨ̄, Jη, Jη̄] =

= exp

[
i

∫
d4x Lint.

(
δ

iδJAµ
,

δ

iδJΨi

,
δ

iδJΨ̄j

,
δ

iδJηk
,

δ

iδJη̄l

)]
· Z0[JAµ ] · Z0[JΨ, JΨ̄] · Z0[Jη, Jη̄].

(2.107)

To generate the perturbation series we expand the exponential. To obtain the vertices, we
furthermore expand Lint. in a power series in the coupling (g � 1). For example, the first

order term of L(A
(a)
µ )

int. reads

L(3G)
int. (Aaµ) =

−g
2
fabc

(
∂µA

a
ν − ∂νAaµ

)
AbµAcν (2.108)

3L(FP) (FP: Faddeev Popov) is denoted by Lghost in Eq. (2.95)

45



2.3. QUANTIZATION OF THE NON-ABELIAN GAUGE FIELD

which can be obtained by expanding F a
µνF

µνa. Using (2.108) and replacing the fields by
the functional derivatives as in (2.107) gives rise to the three-gluon vertex which reads (→
exercise)

〈Ω|T
(
Aa1
µ1

(x1)Aa2
µ2

(x2)Aa3
µ3

(x3)
)
|Ω〉 = (−i)2 δ3

δJ1δJ2δJ3

∫
d4x L(3G)

int.

(
δ

iδJaAµ

)
Z0[J ]

∣∣∣∣
J=0

(2.109)

where Ji = Jaiµi (xi). All Feynman rules for tree level diagrams can be derived by suitably
using correlation functions taking the derivatives with respect to the source terms of the
field involved as described above.

Additional rules for loops include:

• Sign factors for loops of quarks and ghosts (related to their anticommuting nature),

• Symmetry factors for identical field states.

Proof of the Formula (2.107) for the Generating Functional with Interacting
Fields

First we note that S0 is linear in the fields φα,

S0[Jφα ] =

∫
d4x

(
L0 +

∑

α

φαJφα

)
, (2.110)

and that the action for the interacting fields, Sint. is a polynomial in the fields φα,

Sint. =

∫
d4x g[φ(x)]α. (2.111)

For simplicity, we take only one field. The generalization to more fields is straightforward.
So the formula that we want to prove for any field φ and its associated source term Jφ is

Z[Jφ] = e
i
∫
d4x Lint.

(
δ

iδJφ

)
Z0[Jφ]. (2.112)

To be precise, with one field φ we have

Z0[Jφ] =

∫
Dφ exp

[
i

∫
d4x (L0 + Jφ)

]
=

∫
Dφ eiS0[φ] (2.113)

Z[Jφ] =

∫
Dφ exp

[
i

∫
d4x (L0 + Lint. + Jφ)

]
=

∫
Dφ ei(S0[φ]+Sint.[φ]). (2.114)
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2.4. GHOSTS AND GAUGE INVARIANCE

We get (denoting Z0[Jα] = Z0[J ] and S0[φ] = S0)

δ

iδJ(x)
Z0[J ] =

1

i

∫
Dφ

(
δ

δJ(x)
eiS0

)
=

∫
Dφ φ(x)eiS0 = φ(x)

∫
Dφ eiS0 ≡ φ(x)Z0[J ]

(2.115)

remembering the property seen in Eq. (1.33). We can repeat this process forming infinite
series as follows:

∑

n

1

n!

[
i

∫
d4x g

(
δ

iδJ(x)

)α]n
Z0[J ] =

∫
Dφ
(∑

n

1

n!

[
i

∫
d4x gφα(x)

]n
eiS0

)
(2.116)

⇔
∑

n

1

n!

[
iSint.

(
δ

iδJ(x)

)]n
Z0[J ] =

∫
Dφ eiSint[φ]eiS0 (2.117)

⇔ eiSint( δ
iδJ(x))Z0[J ] =

∫
Dφ ei[Sint+S0](φ) = Z[J ] (2.118)

⇔ Z[J ] = ei
∫
d4xLint( δ

iδJ(x))Z0[J ] (2.119)

which proves formula (2.112). From this, one can easily obtain the generating functional
for the full theory (QCD) by generalizing (2.112) to more fields with a source term for each
of them.

2.4 Ghosts and Gauge Invariance

2.4.1 QCD Ward Identity

Let us consider, for example, the process qq̄ → gg characterized by the following tree level
graphs:

q1, i g1, µ, a

q̄2, j g2, ν, b

q1 − g1, k

−igsT
a
kiγ

µ

−igsT
b
jkγ

ν

+ +

M1 M3M2

g1

g2

q1

q̄2

g3

q1

q̄2

g1

g2

47



2.4. GHOSTS AND GAUGE INVARIANCE

By analogy to the process qq̄ → γγ (derived as exercise) the first two amplitudes add as
follows:

i[M1+M2] (ε∗1, ε
∗
2) = −ig2

s v̄(q̄2)

[
T bjkT

a
ki/ε
∗
2

1

/q1
− /g1

/ε∗1 + T ajkT
b
ki/ε
∗
1

1

/q1
− /g2

/ε∗2

]
u(q1), (2.120)

We can test gauge invariance (or the näıve Ward identity) by replacing (εi)µ → (gi)µ
and checking whether the amplitude vanishes. We will now do the case (ε2)µ → (g2)µ.
Replacing the first denominator in Eq. (2.120) by /g2

− /̄q2
and using the well known trick

of adding momenta (which vanish by means of Dirac’s equation) in order to cancel the
denominators, one finds

i[M1 +M2]µνε∗1µg2ν = ig2
s [T

a, T b]v̄(q̄2)/ε∗1u(q1)

= −g2
sf

abcT cv̄(q̄2)/ε∗1u(q1) (2.121)

which is not zero (in Abelian gauge theories it is zero because there are no generators
T a and the commutator is replaced by zero). As we will see, this contribution is only
partially cancelled by a contribution from M3. For the amplitude corresponding to the
third diagram, we find

iM3 = v̄(q̄2)
[
igsT

c
ijγσ

]
u(q1)

−i
g2

3

[
gsf

acbV µνσ
]
ε∗1µε

∗
2ν (2.122)

where

Vµνσ(g1, g2, g3) = [ηµν(−g1 + g2)σ + ηνσ(−g2 + g3)µ + ησµ(−g3 + g1)ν ] . (2.123)

This yields (replacing ε∗2ν by g2ν)

iMµν
3 ε∗1µg2ν = g2

sf
abcT cv̄(q̄2)

[
/ε∗1 + /g2

g1 · ε∗1
2g1 · g2

]
u(q1). (2.124)

For physical states we have g1 · ε∗1 = 0 (note that g1 is the gauge boson which is not the
one whose Ward identity we check) such that the second term in the bracket vanishes and
(2.124) and (2.121) exactly cancel each other. This means that gauge invariance or the
“näıve“ Ward identity is satisfied in this case. However, it is not particularly appealing
just to assume that the gluon g1 is physical (i.e. transverse polarized). As we shall see
next, this deficiency can be avoided if we take ghosts into account.

If the gluon states g1, g2 are not physical, then we cannot guarantee gauge invariance,
i.e. the näıve Ward identity needs to be modified. (In QED this was different: gauge
invariance was guaranteed because g2νM

µν and g1νM
µν vanish independently of whether

g1 and g2 are physical or not.) If we write

Mqq̄→gg = [M1 +M2 +M3] (ε(g1), ε(g2)) = (Mqq̄→gg)
µνε∗µ(g1)ε∗ν(g2) (2.125)
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2.4. GHOSTS AND GAUGE INVARIANCE

we can easily derive that instead (not assuming that the gluons are physical)

(Mqq̄→gg)
µν g2ν = gµ1 (Mghost) (2.126)

which is the so-called QCD Ward identity. The amplitude Mghost for qq̄ → ηη̄ comes
from the diagram

q1, i

q̄2, j

η̄, g1, a

η, g2, b

−gs(−fabc)gµ2

igsT
c
jiγµ

and it reads

iMghost = g2
s fabcT c︸ ︷︷ ︸

=−i[Ta,T b]

v̄(q̄2)
/g2

(q1 + q̄2)2
u(q1) (2.127)

where (q1 + q̄2)2 = (g1 + g2)2 = 2g1 · g2 which shows (2.126).

2.4.2 Physical States and Ghosts: Polarisation Sums Revisited

How do we treat the polarisation vector εµ(k) and its polarisation sum in QCD calculations?
As we saw before in section 2.1.3, the polarisation vectors εµ(k) of gluons with momenta

kµ satisfy the following polarisation sum:

∑

phys.
(λ=1,2)

ε∗µ(k)ε∗ν(k) = −gµν +
nµkν + kµnν

n · k − n2kµkν
(n · k)2

(2.128)

where nµ is chosen such that n · k 6= 0. In QED one can use that the sum over physical
polarisations is equal to the sum over all polarisations which is equal to −gµν . The reason
is that the longitudinal and scalar polarisation (which constitute the second and third term
on the RHS of Eq. (2.128)) do not contribute in the calculations of S-matrix elements. In
QCD processes all external gluons have to be physical. The sum over physical polarisation
states is given by (2.128) and one cannot just sum all polarizations instead and ignore the
contributions from the unphysical polarisation states (λ = 0, 3). If two or more external
gluons are present in a process, using −gµν will lead to unwanted extra contributions
coming from unphysical (longitudinal and scalar) contributions.
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2.4. GHOSTS AND GAUGE INVARIANCE

How can we quantify these unphysical contributions for our example process qq̄ → gg?
We use the difference established by using

a) − gµν
b) − gµν + f(k(1,2)

µ , n(1,2)
µ ) +O(n2)

with k(1,2) the momenta of the two gluons. The O(n2) terms are given by

(
n(1,2)

)2 k
(1,2)
µ k

(1,2)
ν

(n(1,2) · k(1,2))2
. (2.129)

These terms can be neglected by a judicious choice of n
(1,2)
µ where n

(1,2)
µ is such that n(1,2) ·

k(1,2) 6= 0. The difference between the amplitude squared including all polarisations or only
physical polarisations for this process qq̄ → gg is then given by

MστMσ′τ ′ ·
([

(−gσσ′)(−gττ ′)
]
−
[
−gσσ′ + kσ1n

σ′
1 + nσ1k

σ′
1

n1 · k1

]
·
[
−gττ ′ + kτ2n

τ ′
2 + nτ2k

τ ′
2

n2 · k2

])

=

[
ig2
sf

abcT cij
1

2k1 · k2

v̄(q)/k2u(q)

]2

(2.130)

= |Mghost|2. (2.131)

The explicit derivation of Eq. (2.130) is straightforward but very lengthy. Eq. (2.130) tells
us that the ghosts contribute just the difference between using all polarisations or only the
physical ones.

Finally note that the expression (2.130) satisfies a symmetry under g1 ↔ g2. A priori
it does not seem so. However, if we replace g1 → q + q̄ − g2, using the massless Dirac
equations we are left with the same expression except that /g2

→ /g1
and fabc → f bac.

In practical QCD calculations (with more than two external gluons), the sum over
only physical polarisations is quite cumbersome. Therefore one uses −gµν for the complete
polarisation sum and accounts for the unphysical polarisation contributions by adding the
ghost field contributions. From the example above we deduce that ghost contributions serve
to cancel the unwanted (unphysical) scalar and longitudinal polarisation contributions of
the gauge bosons.

Finally, we can summarize the role of ghosts as follows:

• They render SAµ =
∫
DAµ finite.

• The QCD Ward identity (gauge invariance of QCD amplitudes involving gluons) is
guaranteed to hold true as given in Eq. (2.126).

• They cancel the unphysical polarisation contributions in QCD calculations (shown
here at tree level).
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2.5. BRST SYMMETRY

2.5 BRST Symmetry

2.5.1 The Definition of BRST-Symmetry

The aim of this section is to show how the ghosts play a crucial role in cancelling unphys-
ical polarisations at all orders in perturbation theory, not only at tree level. The BRST
symmetry [B=Becchi, R=Rouet, S=Stora, T=Tyutin] is in some sense a remnant of the
gauge symmetry that persists even after the gauge has been fixed. Recall from eqs. (2.95)
and (2.96) that the gauge-fixed Lagrangian (including the FP ghosts) has the form

L = Ψ̄(i /D −m)Ψ− 1

4
(F a

µν)
2 − 1

2ξ
(∂µAaµ)2 + c̄a(−∂µDab

µ )cb . (2.132)

In order to exhibit the BRST symmetry it is convenient to rewrite the Lagrangian in an
equivalent form as

L = Ψ̄(i /D −m)Ψ− 1

4
(F a

µν)
2 +

ξ

2
(Ba)2 +Ba∂µAaµ + c̄a(−∂µDab

µ )cb (2.133)

Here we have introduced a commuting scalar field Ba. The field Ba is auxiliary, since it
does not have a kinetic term, and hence has algebraic equations of motion. Indeed, the
Euler-Lagrange equation coming from the variation of Ba is

ξBa + ∂µAaµ = 0 ⇒ Ba = −1

ξ
(∂µAaµ) . (2.134)

Inserting this into (2.133), one finds the original form (2.132). Another way of arriving at
the same conclusion is to integrate out Ba in the path integral. The relevant part of the
path integral is of the form
∫
DBa exp

[
i

∫
d4x

(
ξ

2
(Ba)2 +Ba(∂µAaµ)

)]

=

∫
DBa exp

[
iξ

2

∫
d4x

(
Ba +

1

ξ
∂µAaµ

)2
]

exp

[
i

∫
d4x

(
− 1

2ξ

)
(∂µAaµ)2

]
.

(2.135)

The integral over Ba is now Gaussian and can be performed, leading to an irrelevant
constant. The remaining term − 1

2ξ
(∂µAaµ)2 then reproduces the third term of (2.132).

With these preparations we can now write down the BRST symmetry transforma-
tions for the fields that appear in the Lagrangian (2.133). We claim that the Lagrangian
is invariant under the transformations

δAaµ = εDab
µ c

b (2.136)

δΨ = igεcaT aΨ, (2.137)

δca = −1
2
gεfabccbcc, (2.138)

δc̄a = εBa, (2.139)

δBa = 0 . (2.140)
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Since the transformation of the gauge fields Aaµ and of the fermions Ψ is formally just a
gauge transformation with gauge parameter αa = gεca, see eqs. (2.28) and (2.39),

δAaµ = Dµα
a

δΨ = iαaT
aΨ

with αa(x) = gεca(x) , (2.141)

we conclude that the first two terms in (2.133) are invariant under the BRST symmetry.
The third term is trivially invariant due to the transformation law (2.140). It therefore
remains to check the invariance of the last two terms. The fourth term transforms as

δ(Ba∂µAaµ) = εBa∂µ(Dab
µ c

b) . (2.142)

This is cancelled by the variation of c̄a in the last term c̄a(−∂µDab
µ )cb. The remaining

variation of the last term is then proportional to

δ(Dac
µ c

c) = Dac
µ δc

c + gfabcδAbµc
c

= −1
2
gεfabc∂µ(cbcc)− 1

2
g2εfabcAbµf

cdecdce + εgfabc(∂µc
b)cc + εg2fabcf bdeAdµc

ecc

= −1
2
g2εfabcAbµf

cdecdce + εg2fabcf bdeAdµc
ecc︸ ︷︷ ︸

=facbfcdeAdµc
ecb=−fabcfcdeAdµ( 1

2
(cecb−cbce))

= −1
2
g2εfabcf cde

(
Abµc

dce + Adµc
ecb + Aeµc

bcd
)
, (2.143)

where we inserted the definition Dac
µ = ∂µδ

ac + gfabcAbµ from (2.87) in the first step. We
now show that this term vanishes by means of the Jacobi identity

[
ta, [tb, tc]

]
+
[
tb, [tc, ta]

]
+
[
tc, [ta, tb]

]
= 0 (2.144)

⇒ f bcdfade + f cadf bde + fabdf cde = 0 . (2.145)

Reordering the indices and relabelling d↔ c, this identity becomes

f bdcf cae + fdacf cbe + fabcf cde = f cbdfaec + fadcf ceb + fabcf cde = 0 , (2.146)

where we have reordered indices again in the last step. Thus we obtain for (2.143)

δ(Dac
µ c

c) = −1
2
g2εAbµc

dce
(
fabcf cde + faecf cbd + fadcf ceb

)
= 0 . (2.147)

This completes the proof that the Lagrangian (2.133), which is equivalent to the gauge
fixed Lagrangian including FP ghosts, is invariant under the BRST transformation defined
by eqs. (2.136) – (2.140).

2.5.2 Implications of the BRST Symmetry

A very important property of the BRST symmetry is its nilpotency, i.e. the property that
applying the transformation twice annihilates all fields. In order to formulate this, it is
convenient to define an operator Q via

δφ = εQφ . (2.148)
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(Thus Q is just the operator that gives the infinitesimal BRST transformation when mul-
tiplied with ε.) The nilpotency of the BRST tranformation then simply means that

QQφ = 0 (2.149)

for all fields φ. Let us check this case by case. If φ = B or φ = c̄ this follows trivially from
eqs. (2.139) and (2.140). From the calculation we did above it follows that

QQAaµ = Q(Dac
µ c

c) = 0. (2.150)

Thus it only remains to check the claim for φ = ca and φ = Ψ. In the former case we find

QQca = −1
2
gfabcQ(cbcc)

= −1
2
gfabc

(
(Qcb)cc − cbQcc

)

= 1
4
g2fabc

(
f bdecdcecc − f cdecbcdce

)

= −2 · 1
4
g2fabcf cde

(
cbcdce

)

Jacobi
= 0 , (2.151)

where, in the penultimate line, we have relabelled b ↔ c in the first term. We have also
used that the action of Q on products of fields equals

Q(φ1φ2) = (Qφ1)φ2 + (−1)f1φ1(Qφ2) , (2.152)

where f1 is the fermion number of φ1 (i.e. f1 = 0 if φ1 is bosonic and f1 = 1 if φ1 is
fermionic). [This is a direct consequence of the fact that ε in (2.148) is a Grassmann
variable.] Finally, for the fermion field φ = Ψ, the calculation is similar

QQΨ = Q(igcaT a)Ψ

= − i
2
g2fabccbccT aΨ + g2caT acbT bΨ

= − i
2
g2fabccbccT aΨ +

1

2
g2
(
cacb (T aT b − T bT a)︸ ︷︷ ︸

=ifabcT c

)
Ψ

= 0 . (2.153)

In order to understand the physical significance of the BRST symmetry let us analyse
the action of Q on the gauge-fixing term in the Langrangian

L = Lphys. + Lgauge-fix . (2.154)

Recall that the physical part of the Lagrangian Lphys. is trivially BRST invariant (since Q
acts as a gauge transformation on the physical fields). In order to see that the whole L is
Q-invariant, we showed above, by a brute force calculation, that Lgauge-fix is Q-invariant.
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However, there is a much more elegant way to see this. To this end we introduce the
following terminology: a field φ is called

• BRST-closed if Qφ = 0,

• BRST-exact if φ = Qχ for some field χ .

We note that every BRST-exact field is BRST-closed since

φ = Qχ ⇒ Qφ = QQχ = 0 . (2.155)

On the other hand, not every closed field is necessarily exact. It is therefore natural to
define the cohomology4 of Q which is just the quotient space

cohomology(Q) =
Q-closed fields

Q-exact fields
. (2.156)

We shall denote the cohomology class that contains φ by [φ]. As we shall see, the coho-
mology of Q corresponds to the physical degrees of freedom.

Next we want to show that the gauge-fixing term in the Lagrangian is not just BRST-
invariant (i.e. BRST-closed), but actually BRST-exact. This means that there exists a
field χ such that

Qχ = Lgauge-fix . (2.157)

In order to find χ we note that

Q
(
Ga(Abµ)(x)

)
=

∫
d4y

∂Ga(x)

∂Abµ(y)
QAbµ(y)

=

∫
d4y δab∂µδ(4)(x− y)QAbµ(y)

= −∂νDac
ν c

c . (2.158)

With this in mind we now take χ = c̄a
(
Ga + ξ

2
Ba
)

and find

Qχ ≡ Q
(
c̄a
(
Ga + ξ

2
Ba
))

= BaGa +
ξ

2
BaBa − c̄a∂µDac

µ c
c = Lgauge-fix . (2.159)

Thus we conclude that the gauge-fixing term in the Lagrangian is BRST-exact. In partic-
ular it is therefore trivial in the BRST-cohomology.

The next step is to show that BRST-exact terms do not contribute to any amplitudes
of BRST-closed states. (The fact that the gauge-fixing term is BRST-exact then means
that it does not contribute to the amplitudes!) Amplitudes can be calculated from the

4Our notion of the cohomology of Q is a special case of the general notion of cohomology that is
frequently used in mathematics. For example, the de Rham cohomology is defined analogously for closed
and exact p-forms on differentiable manifolds.
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inner product of the underlying vector space. Let us assume – this follows essentially from
the reality of the BRST transformation — that the BRST operator Q is hermitian with
respect to this inner product. Then it follows that the cohomology of Q inherits an inner
product from the underlying vector space

〈[φ1]|[φ2]〉 := 〈φ1, φ2〉 . (2.160)

To see that this inner product is well-defined we only need to show that the definition is
independent of the chosen representative, i.e. that

〈φ1 +Qχ1|φ2 +Qχ2〉 = 〈φ1|φ2〉+ 〈Qχ1|φ2 +Qχ2〉+ 〈φ1|Qχ2〉
= 〈φ1|φ2〉+ 〈χ1|Q(φ2 +Qχ2)︸ ︷︷ ︸

=0

〉+ 〈Qφ1︸︷︷︸
=0

|χ2〉 . (2.161)

In particular, it follows from this calculation that BRST-trivial terms do not contribute in
amplitudes with BRST-closed terms.

With these preparations we can now identify the physical states with the BRST-
cohomology. As we have seen above we can think of Q as inducing gauge transforma-
tions since Q acts as a gauge transformation on A and Ψ. If we restrict to Q-closed
states we are thus considering the gauge invariant fields. Furthermore, by going to the
BRST-cohomology, we are removing the redundancy due to gauge transformations since
the equivalence class [φ] of φ contains all gauge equivalent fields which can be reached by a
gauge transformation acting on φ. Thus it is natural to identify the ‘physical’ states with
the BRST-cohomology,

{Physical states } = cohomology(Q) . (2.162)

The above argument then shows that the 2-point functions of the physical states are inde-
pendent of the particular gauge that is chosen.

It is now fairly easy to see how this argument can be generalised to arbitrary n-point
functions. Suppose that φ1 is a Q-closed field while φ2 = Qχ2 is Q-exact. Then the product
φ1φ2 is again Q-exact

Q(φ1χ2) = (Qφ1)︸ ︷︷ ︸
=0

χ2 ± φ1Qχ2 = ±φ1φ2 , (2.163)

where the sign depends on whether φ1 is bosonic or fermionic. Thus the operator product
of the underlying vector space defines a product on the BRST-cohomology. Iterating this
procedure it follows that in an n-point product, changing the gauge for any of the indi-
vidual terms leads to an overall BRST-exact term that does not contribute in amplitudes
with physical (and hence BRST-closed) states. Since loop diagrams can be obtained by in-
tegrating higher point functions this argument then shows quite generally that all physical
amplitudes will be independent of any gauge choices.
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Chapter 3

Renormalisation Group

In QFT I we have seen how renormalisation works in some simple cases. The basic mech-
anism is that UV divergences can be absorbed into redefining a few bare parameters, such
as the masses or coupling constants. A priori it is somewhat surprising that high-momenta
virtual quanta have so little effect on a theory, i.e. that they only affect these few param-
eters.

In this section we want to understand this phenomenon more conceptually, by explain-
ing the physical picture of renormalisation that has been advocated by Ken Wilson. It
suggests that all parameters of a renormalisable field theory can usefully be thought of as
scale-dependent quantities. The scale dependence is described by differential equations, the
renormalisation group (RG) equations. Solving these equations we will obtain new phys-
ical predications, in particular, we will be able to show that (at least some) non-abelain
gauge theories are asymptotically free, i.e. become more weakly coupled as we go to higher
energies or smaller distances.

3.1 Wilson’s Approach to Renormalisation

Wilson’s method is based on the functional integral approach to quantum field theory
(which is the reason why it was not already explained in QFT I). In this approach we
can study the origin of the UV divergencies by isolating the dependence of the functional
integral on the short-distance degrees of freedom. In the following we want to illustrate this
for a simple example, the φ4-theory, that is not plagued by various technical difficulties;
the same ideas can, however, also be applied to more complicated theories such as gauge
theories.

Let us work with a sharp momentum cut-off regularisation scheme. (This is one of
the places where simplifications arise for φ4; for gauge theories a sharp momentum cut-
off is problematic since it does not respect the Ward identities.) Recall that the Green’s
functions can be obtained from the generating functional

Z[J ] =

∫
Dφ ei

∫
L+Jφ =

∫ ∏

k

dφ(k) ei
∫
L+Jφ , (3.1)
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where the last formulation is to remind us of the definition of the path integral as the limit
of a product of integrals over discrete momentum modes.

Now we impose a sharp momentum cut-off Λ, i.e. we restrict the integration variables
to those φ(k) with |k| < Λ and set φ(k) ≡ 0 for |k| > Λ. Note that in order for this
to actually remove the large momenta, we should consider the Euclidean theory with
signature (+,+,+,+).1 If we are given a theory in Minkowski space, we can always go
to the Euclidean theory by a Wick rotation x0 → x0

E = −ix0. The action defined by the
(Minkowski-)Lagrangian

L =
1

2
(∂µφ)2 − 1

2
m2φ2 − λ

4!
φ4 (3.2)

gets Wick-rotated into

i

∫
d4x L = i

∫
dx0

Ed
3x iL = −

∫
d4xE

(
1

2
(∂iφ)2 +

1

2
m2φ2 +

λ

4!
φ4

)
. (3.3)

We will drop the subscript E in the Euclidean coordinates xE from now on. Restricting to
J = 0 for simplicity we then obtain

Z =

∫
[Dφ]Λ exp

[
−
∫
d4x

(
1

2
(∂µφ)2 +

1

2
m2φ2 +

λ

4!
φ4

)]
, (3.4)

where [Dφ]Λ is meant to remind us of the fact that the discrete momenta in the last
expression of eq. (3.1) are restricted to be smaller than Λ. We want to understand how
this path integral depends on Λ. In order to do so we now split the path integral into the
‘high momentum modes’ on the one hand, and the rest on the other. The high momentum
modes are those which satisfy bΛ < |k| < Λ with b . 1. Let us introduce the notation

φ̂(k) =

{
φ(k) (bΛ < |k| < Λ)

0 (otherwise) .
(3.5)

Generalising the action to a d-dimensional integral, we can then rewrite Z as

Z =

∫
[Dφ]bΛDφ̂ exp

[
−
∫
ddx

(
1

2
(∂µφ+ ∂µφ̂)2 +

1

2
m2(φ+ φ̂)2 +

λ

4!
(φ+ φ̂)4

)]

=

∫
[Dφ]bΛ e

−
∫
L(φ)

∫
Dφ̂ exp

[
−
∫
ddx

(
1

2
(∂µφ̂)2 +

1

2
m2φ̂2+

+ λ

(
1

6
φ3φ̂+

1

4
φ2φ̂2 +

1

6
φφ̂3 +

1

4!
φ̂4

))]
, (3.6)

where we have collected all terms which depend only on φ outside the φ̂-integral — they
then reproduce simply L(φ). Note that we have dropped the quadratic terms of the form

1In Minkowski space a cut-off criterion like |k| < Λ would not be particularly sensible because there
are light-like momentum vectors whose Lorentzian norm stays small while the individual entries diverge.
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φφ̂ because their integral vanishes (since the Fourier modes of φ̂ and φ are orthogonal).
Even without performing the explicit φ̂-integrations, we can already see that the final result
will be of the form

Z =

∫
[Dφ]bΛ exp

[
−
∫
ddx Leff.

]
, (3.7)

where Leff. = L+(correction terms). Thus we will be able to rewrite the full theory with
cut-off Λ in terms of an effective theory with cut-off bΛ. The correction terms in Leff.

compensate for the removal of the large momentum components φ̂ by supplying interactions
among the remaining φ(k) that were previously mediated by the fluctuations of φ̂.

In order to get a feeling for how Leff. looks explicitly, let us work out the φ̂-integrals in
perturbation theory. We want to think of the kinetic part 1

2
(∂µφ̂)2 in the exponential of

(3.6) as being the ‘free’ part, and treat the rest as perturbations — this is justified since
the φ̂ integral only involves large momenta for which m2 � b2Λ2. The propagator is then
simply

〈φ̂(k)φ̂(p)〉 =

∫
Dφ̂ e−

∫
L0φ̂(k)φ̂(p)∫

Dφ̂ e−
∫
L0

=
1

k2
(2π)dδ(d)(p+ k)Θ(k) , (3.8)

where L0 = −1
2
(∂µφ̂)2 and

Θ(k) =

{
1 (bΛ ≤ |k| < Λ)

0 (otherwise) .
(3.9)

Let us first look at the simplest perturbative correction term λ
4
φ2φ̂2. Thinking of φ as an

external field we can calculate the corresponding term in (3.6) as

−
∫
ddx

λ

4
φ2φ̂2 = −1

2

∫
ddk

(2π)d
µφ(k)φ(−k) , (3.10)

where we have gone to momentum space (for all four fields), and contracted the φ̂ fields
according to (3.8). Here the parameter µ arises from integrating the propagator (3.8) over
one of the momentum space integrals

µ =
λ

2

∫

bΛ<|k|<Λ

ddk

(2π)d
1

k2

=
λ

2

∫
dΩd

(2π)d

∫ Λ

bΛ

dk kd−3

=
λ

(4π)d/2Γ(d/2)

1− bd−2

d− 2
Λd−2 . (3.11)

The term (3.10) looks like a mass term for the φ-modes. It therefore provides a correction
term (in Leff.) to the mass m that appeared in L.
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The other terms can be dealt with similarly. In order to do these calculations systemat-
ically we can introduce a diagrammatic notation (just as for the case of the usual Feynman
rules). We denote external fields by lines, while doubles lines describe φ̂-fields and lead to
the propagator 1

k2 . For example, the diagram we have just computed and which corrects
the mass m at order λ is

At O(λ2), the perturbative corrections which come from the contraction of two λ
4
φ2φ̂2-

terms have the diagrammatic representation

and

k1

k2

k3

k4

k1 + k2 − p

p

2

The first diagram gives rise to a term µ2

2
which is just the square of the O(λ)-term that we

just computed; this is precisely the term that is required for the above µ term to modify
the mass of L in the exponential. The second diagram, on the other hand, leads to

2

2!

(
λ

4

)2 ∫

bΛ<|p|<Λ

ddp

(2π)d
1

p2(k1 + k2 − p)2
φ(k1)φ(k2)φ(k3)φ(k4)δ(d)(k1 + k2 + k3 + k4).

(3.12)

In the limit where we ignore the external momenta of the φ (assuming that they are small
compared to bΛ) the propagator becomes (k2)−2, and we get

(3.12) −→ − 1

4!
ζ

∫
ddx φ4(x) (3.13)

where

ζ =
−3λ2

(4π)d/2Γ(d/2)

(1− bd−4)

d− 4
Λd−4 d→4−→ − 3λ2

16π2
log

1

b
. (3.14)

Recall from QFT I that in the usual perturbative treatment, we would encounter a similar
diagram integrated over a range of momenta from zero to Λ, producing a UV divergence.

The diagrammatic perturbation theory will also produce higher order terms in φ that
can be calculated similarly. There are also derivative interactions which arise when we no
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longer neglect external momenta in the calculation, i.e. for the above φ4 term we will also
get terms of the form

− 1

4

∫
ddx η φ2(∂µφ)2 + terms with higher derivatives . (3.15)

In general we will thus produce all possible interactions of fields and their derivatives.
These diagrammatic corrections can be simplified by resumming them as an exponential;
in particular, the diagrammatic expansion generates the appropriate disconnected terms
which just produce the exponential series. Altogether we therefore get for Leff.

Leff. = −
∫
d4x

(
L(φ) +

µ

2
φ2(x) + ζ

1

4!
φ4(x) + · · · + (φ2∂2φ2) + · · ·+ φ6(x) + · · ·

)
.

(3.16)

For example, the φ6 term can come from a the contraction of two λ
6
φ3φ̂ terms, etc.

We can now use the new effective Lagrangian Leff. in order to compute correlation
functions of φ(k) or S-matrix elements. Since φ(k) only include momenta up to bΛ, loop
integrals only run up to |k| < bΛ. The correction terms in Leff. precisely account for this
change. The effective Lagrangian point of view is therefore ultimately equivalent to the
standard approach (where we work with L and integrate loop momenta up to |k| < Λ).
However, if we are interested in correlation functions of fields whose momenta |pi| � Λ the
effective Lagrangian point of view is more useful: loop effects appear already at tree level
(since the coefficients of Leff. depend on them) rather than as large 1-loop corrections.

One may, however, be puzzled by the higher-dimension operators that appear in Leff.; in
particular, all possible interactions are generated when we integrate out φ̂, and most of the
resulting terms are non-renormalisable. As will become clear momentarily, our procedure
actually keeps the contributions of these non-renormalisable interactions under control,
and we will see that they have a negligible effect on the physics at scales much less than
Λ. This will explain, in particular, why high-momenta virtual quanta only affect a few
parameters of the theory.

3.2 Renormalisation Group Flows

In order to understand better how the non-renormalisable terms can be controlled, let us
make a more careful comparison of the functional integrals

Z =

∫
[Dφ]bΛ e

−Leff. ↔ Z =

∫
[Dφ]Λ e

−L . (3.17)

To relate them to one another let us rescale the distances and momenta as

k′ =
k

b
and x′ = bx , (3.18)
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so that the variable k′ is integrated up to |k′| < Λ if k is integrated up to |k| < bΛ. Next
we rewrite the effective action (written in terms of the variables x and k) in terms of the
x′ variables as
∫
ddx Leff. =

∫
ddx

[
1

2
(1 + ∆Z)(∂µφ)2 +

1

2
(m2 + ∆m2)φ2 +

1

4!
(λ+ ∆λ)φ4+

+ ∆C(∂µφ)4 + ∆Dφ6 + · · ·
]

=

∫
ddx′ b−d

[
1

2
(1 + ∆Z)b2(∂′µφ)2 +

1

2
(m2 + ∆m2)φ2 +

1

4!
(λ+ ∆λ)φ4+

+ ∆Cb4(∂′µφ)4 + ∆Dφ6 + · · ·
]

=

∫
ddx′

[
1

2
(∂′µφ

′)2 +
1

2
m′2φ′2 +

λ′

4!
φ′4 + C ′(∂′µφ

′)4 +D′φ′6 + · · ·
]
, (3.19)

where we have used that

ddx = b−dddx′ , ∂′µ ≡
∂

∂x′µ
= b−1∂µ . (3.20)

In the third line we have furthermore rescaled the field φ, so that the kinetic term takes
again the canonical form

φ′ =
(
b2−d(1 + ∆Z)

)1/2
φ ⇔ φ =

(
bd−2(1 + ∆Z)−1

)1/2
φ′ , (3.21)

and have defined the coefficients

m′2 = (m2 + ∆m2)(1 + ∆Z)−1b−2 (3.22)

λ′ = (λ+ ∆λ)(1 + ∆Z)−2bd−4 (3.23)

C ′ = (C + ∆C)(1 + ∆Z)−2bd (3.24)

D′ = (D + ∆D)(1 + ∆Z)−3b2d−6 etc. (3.25)

All corrections ∆m2, ∆λ, etc. arise from diagrams, and are thus small compared to the
leading terms (if perturbation theory is justified). Note that the variables k′ are again
integrated up to Λ, so that we have the identity

∫
[Dφ]bΛ e

−
∫
ddx Leff. =

∫
[Dφ]Λ e

−
∫
ddx′ Leff.(m

2→m′2,··· ) . (3.26)

We can now iterate this procedure, going from Λ → bΛ → b2Λ, etc. If we take b close
to 1, the shells in momentum space are infinitesimally thin, and we get a continuous
transformation. This is the renormalisation group. (Technically, this is not quite a group
since the operation of integrating out degrees of freedom is not invertible; it has therefore
more the structure of a semigroup rather than that of a group.)
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The parameters of the effective Lagrangain may change quite significantly as we iterate
the transformation Λ → bΛ many times. To understand how the effective Lagrangian
varies under RG transformations, consider the Lagrangian in the vicinity of the free point
where

m2 = λ = C = D = · · · = 0 . (3.27)

Then (m′)2 = λ′ = C ′ = D′ = · · · = 0, i.e. the free theory is a fixed point under the RG
transformations. In order to study the nature of the fixed point suppose that all of these
parameters are small. Working to linear order we then have

(m′)2 = m2 b−2 (3.28)

λ′ = λ bd−4 (3.29)

C ′ = C bd (3.30)

D′ = D b2d−6 etc. (3.31)

Since b < 1, the parameters that are multiplied by negative powers of b grow, while those
that are multiplied by positive powers of b decay. If the Lagrangian contains growing
coefficients, then the fixed point is unstable and the Lagrangian will eventually move away
from L.

Let us classify the relevant terms in the effective Lagrangian according to their be-
haviour under the RG flow. We call the corresponding operator

• relevant — if the coefficient grows (e.g. 1
2
m2φ2)

• irrelevant — if the coefficient decays (e.g. λφ4 for d > 4)

• marginal — if the coefficient goes as b0 (e.g. λφ4 for d = 4)

In the last case, the leading order analysis is not sufficient in oder to determine the actual
behaviour of the fixed point. In fact, most of what we shall do later will concern this case.

In general, the b-behaviour of the coefficient depends on the power N of φ, and on
the number M of derivatives in the corresponding term in the effective Lagrangian. The
relevant coefficient then goes as

coefficient ∼ bM−db(
d
2
−1)N . (3.32)

If we denote by di the mass dimension of the operator, then

di − d =

(
N

(
d

2
− 1

)
+M

)
− d (3.33)

is precisely the power of b in eq. (3.32). (This relation also follows directly from dimensional
reasoning since the action must be dimensionless.) We conclude that the mass dimension
of an operator determines whether it is relevant, irrelevant or marginal

• relevant if the mass dimension is smaller than d: di − d < 0,

62



3.3. CALLAN-SYMANZIK EQUATION

• marginal if the mass dimension is equal to d: di − d = 0,

• irrelevant if the mass dimension is larger than d: di − d > 0.

We recall from QFT I that these definitions correspond precisely to the notions of super-
renormalisable, renormalisable and non-renormalisable, respectively. However, now our
perspective is in some sense opposite to that taken in QFT I. From the Wilsonian point of
view, any quantum field theory is defined fundamentally with a cut-off. (For example, we
may think of the cut-off in the context of high energy physics as the Planck scale where
gravity effects need to be taken into account; in the context of statistical physics, the
cut-off is something like the inverse atomic spacing of some condensed matter system.)
This cut-off scale is very high relative to present-day experiments. For the purpose of
understanding these experiments it is therefore more appropriate to work with an effective
Lagrangian where we have integrated out all the higher momentum modes. But in this
effective Lagrangian only the relevant and marginal terms appear since the coefficients of
the other terms have gone to zero after integrating out many momentum shells. Given
the above correspondence this then explains why the effective Lagrangian (that is a good
description of the physics at the low momenta of present-day experiments) only contains
renormalisable and super-renormalisable terms!

We should mention though that these simple mechanisms can change if there are suffi-
ciently strong field theory interactions: away from the free-field fixed point the RG trans-
formations have also higher order corrections (in powers of coupling constants), and these
can modify the above simple scaling behaviour.

3.3 Callan-Symanzik Equation

Next we want to study the scale dependence of the marginal parameters of our effective
Lagrangian. Our first aim is to derive the Callan-Symanzik equation which describes the
dependence of the n-point Green’s functions on the energy scale.

3.3.1 The φ4-Theory

For concreteness let us consider again the φ4 theory with m = 0 in d = 4, for which
the φ4 operator is marginal (and hence the scale dependence of λ is not determined by
the leading order analysis of the previous section). Suppose the theory is fundamentally
defined at some very high scale Λ0, where the coupling constant takes the value λ0, and we
are interested in the theory at scale Λ � Λ0. Following the discussion above, we should
then analyse the theory using the effective Lagrangian at scale Λ, i.e. we consider the
effective Lagrangian obtained from the fundamental Lagrangian upon integrating out all
modes with momenta Λ < |k| < Λ0. The resulting effective Lagrangian Leff. then only
depends on λ, where λ is the coupling constant that appears in the effective Lagrangian
at scale Λ.
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Using this effective description we can calculate renormalised Green’s functions, and
they will only depend on the arbitrary renormalisation scale M = Λ, as well as on λ, but
not directly on the fundamental scale Λ0 (nor on λ0). [Indeed, in our effective Lagrangian,
the coupling constant is λ, and M = Λ enters since it determines the cut-off scale of the
loop momenta.] We want to understand the behaviour of these Green’s functions as a
function of the renormalisation scale M = Λ. To this end we consider changing M as

M −→M + δM . (3.34)

Performing this change of scale amounts to introducing the shell bΛ < |k| < Λ and inte-
grating out the corresponding momentum modes. As we have seen above, this will then
change the coupling constant λ as well as the normalisation of the fields, i.e. it will lead to

λ −→ λ+ δλ (3.35)

φ −→ φ(1 + δη) . (3.36)

The rescaling of the fields will lead to a change in the n-point Green’s function G(n) as

G(n) −→ (1 + nδη)G(n) . (3.37)

As we have explained above, the renormalised Green’s functions only depend on M and λ,
G(n) ≡ G(n)(M,λ), since these are the only parameters that enter the calculation when we
use the effective Lagrangian at scale Λ. Thus we have

δG(n) =
∂G(n)

∂M
δM +

∂G(n)

∂λ
δλ

!
= nδηG(n) . (3.38)

Observing that λ is dimensionless, it is convenient to use, instead of δλ and δη, the dimen-
sionless parameters

β =
M

δM
δλ and γ = − M

δM
δη . (3.39)

Eq. (3.38) then becomes

M
∂G(n)

∂M
+ β

∂G(n)

∂λ
+ γnG(n) = 0 . (3.40)

Obviously the parameters β and γ are the same for every n, and thus must be independent
of the insertion points xi at which the n fields are evaluated. Furthermore, β and γ
are by construction dimensionless, and they can therefore only depend on dimensionless
quantities. The only mass-scale parameters are M and Λ0, and hence β and γ can only
depend on the ratio M/Λ0, not on M alone. On the other hand, since the fundamental
cut-off scale Λ0 does not appear in our effective Lagrangian, β and γ (which come from
integrating out momentum modes in the shell M < |k| < M + δM in the theory described
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by Leff.) do not depend on Λ0, and hence cannot depend on M ! Thus we conclude that β
and γ are only functions of λ

β ≡ β

(
M

Λ0

, λ

)
≡ β(λ) , γ ≡ γ

(
M

Λ0

, λ

)
≡ γ(λ) , (3.41)

and eq. (3.40) is actually of the form

[
M

∂

∂M
+ β(λ)

∂

∂λ
+ γ(λ)n

]
G(n) = 0 (3.42)

This is the celebrated Callan-Symanzik equation. The β-function

β =
M

δM
δλ (3.43)

tells us how the λ-parameter in the effective action changes as we change the scale. In
particular, the sign of the β-function determines whether the marginal term grows or
decays as we integrate out momentum modes. Thus the β-function is of major interest
since it captures how the dimensionless coupling ‘constants’ depend on the energy scale.
(For the dimensionful coupling constants, the leading order analysis of the last section is
sufficient: relevant parameters grow while irrelevant parameters decay.)

The procedure we have outlined above is conceptually very clean, but computationally
rather unwieldy. We shall therefore make the basic assumption that the above Wilsonian
scheme defined in the Wick rotated (Euclidean) theory at scale Λ = M2 is equivalent to
imposing standard renormalisation conditions of the Minkowski theory for typical particle
momenta at p2 = −M2. (The basic intuition behind this identification is that the effective
Lagrangian describes correctly the physics at energy scale M , i.e. for typical particle mo-
menta with p2 = −M2.) We should note that for the case at hand this is a slightly unusual
scheme since we are working with the massless φ4-theory, but impose the renormalisation
condition on the propagator,

〈Ω|φ(p)φ(−p)|Ω〉 =
i

p2
at p2 = −M2 , (3.44)

and not for p2 = 0, as we would have imposed usually. Similarly, the value of the coupling
constant

p4

= −iλ

p1

p3 p2
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is imposed not for the ‘on-shell’ Mandelstam variables s = t = u = 0, but rather for
s = t = u = −M2.

In order to get a feeling for how this actually works, let us apply this scheme to the
φ4-theory and calculate the β-function. This can be done by calculating some Green’s
functions and demanding that they satisfy the Callan-Symanzik equation. The simplest
interesting Green’s function to consider is the 4-point function. Then the Callan-Symanzik
equation reads (with n = 4)

[
M

∂

∂M
+ β(λ)

∂

∂λ
+ 4γ(λ)

]
G(4) = 0 . (3.45)

The leading contributions to G(4) in perturbation theory are

G(4) = + + + +

(counterterm)

+higher loops

The first diagram is the four-point vertex at tree level and it is given by −iλ. The first
1-loop contribution in the bracket reads

p3 p4

p1 p2

k k + p =
(−iλ)2

2

∫
d4k

(2π)4

i

k2

i

(k + p)2
= (−iλ)2iV (p2)

where p = p1 + p2 and

V (p2) = − 1

32π2

∫ 1

0

dx

[(
2

ε
− γ
)

+ log(4π)− log(0− x(1− x)p2)

]
(3.46)

with ε = 4 − d and Γ
(
ε
2

)
= 2

ε
− γ + O(ε). (Here γ ∼ 0.5772 is the Euler-Mascheroni

constant.) The other two terms in the bracket can be obtained by replacing s → t and
s → u. Evaluating for s = t = u = −M2 (which is the scale where the renormalisation
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conditions are defined and the counterterm has to cancel the loop divergences), we obtain
(
· · ·
)∣∣∣∣

s=t=u=−M2

= (−iλ)2i (V (s) + V (t) + V (u))
∣∣
s=t=u=−M2

= i(−iλ)23V (−M2)

= −i(−iλ)2 3

2(4π)2

[
2

4− d − logM2 + finite

]
, (3.47)

where the finite part does not depend on M . The counterterm δλ must cancel the loga-
rithmic M2 dependence, and since it contributes to the 4-point amplitude as

G(4) =
[
−iλ+ (−iλ)2i (V (s) + V (t) + V (u))− iδλ

]
·

4∏

i=1

i

p2
i

(3.48)

we conclude that

δλ =
3λ2

2(4π)2

[
2

4− d − logM2 + finite

]
(3.49)

such that the renormalization condition is preserved (i.e. the counterterm cancels the M -
dependence of the other four diagrams at the scale s = t = u = −M2 at O(λ2)). The only
M -dependence in this counterterm is via logM2.

Next we observe that the 2-point function is not corrected at order λ. From the Callan-
Symanzik equation for G(2) we then conclude that γ must be of the form

γ = 0 +O(λ2) , (3.50)

and hence the Callan-Symanzik equation for G(4) has the structure
[
M

∂

∂M
+ β(λ)

∂

∂λ
+ 4O(λ2)

]
G(4) = 0 . (3.51)

Because the 4-point function

G(4) = −iλ
4∏

i=1

i

p2
i

+O(λ2) (3.52)

contains terms which are at least of O(λ), the third term in (3.51) produces an O(λ3)
term which we can neglect at leading order — the leading order here is O(λ2). In order
to evaluate (3.51), we need to take the derivative of G(4) with respect to M . The only

M -dependent term is in the counterterm (3.49). But as we have seen, M · ∂ logM2

∂M
= 2, and

the M -dependence of β cancels indeed (as our general argument above predicted). In any
case, eq. (3.51) then becomes

(−i)
[
− 3λ2

(4π)2
+ β(λ) +O(λ3)

] 4∏

i=1

(
i

p2

)
= 0 , (3.53)
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from which we read off that

β(λ) =
3λ2

(4π)2
+O(λ3) . (3.54)

It is worth noticing that the finite parts of the counterterms are independent of M and
therefore do not contribute to β or γ. If we are only interested in the β-function, we
therefore do not have to care about these finite contributions, but only need to extract the
regulated divergencies of the relevant diagrams.

3.3.2 The General Structure

Before we apply these methods to non-abelian gauge theories, let us understand the struc-
ture of the terms that contribute at lowest order in perturbation theory. Suppose we are
interested in the β-function of a generic dimensionless coupling constant g that is associated
to an n-point vertex. (There will be a β-function for each dimensionless coupling constant,
and a scaling function γ for each type of field.) Consider the corresponding (connected)
n-point Green’s function at 1-loop. Its contributions will be of the schematic form

G(n) =

(
tree level
diagram

)
+

(
1PI 1-loop
diagrams

)
+

(
vertex

counterterm

)
+

(
external line
corrections

)

=

(∏

j

i

p2
j

)[
−ig − iB log

Λ2

(−p2)
− iδg + (−ig)

∑

j

(
Aj log

Λ2

(−p2
j)
− δZj

)]
. (3.55)

Here we have rescaled the external fields as

φ→ Z
−1/2
φ φ =

(
1− 1

2
δZφ

)
φ , (3.56)

and p2 is a typical invariant built from the external momenta pi. Our renormalisation
conditions are defined for p2 = −M2, and thus the counterterm δg will be of the form

δg = −B log
Λ2

M2
+ finite (3.57)

so that it cancels the Λ-dependence of the B-term at the renormalisation point p2 = −M2.
Similarly, the Zj-counterterm must be of the form

δZj = Aj log
Λ2

M2
+ finite (3.58)

so that the Λ-dependences of the Aj-terms are also cancelled. At leading order, the Callan-
Symanzik equation then takes the form

(−i)
[
M

∂

∂M

(
δg − g

∑

j

δZj

)
+ β(g) + g

∑

j

1

2
M

∂

∂M
δZj

]
= 0 , (3.59)
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where we replaced the term nγ by
∑

j γj because in general each field comes with a different
γ. The third term comes from the observation that the change of the φ-field,

φ −→ φ− 1

2
δZφφ, (3.60)

implies δηφ = −1
2
δZφ and then

γφ = − M

δM
δηφ =

1

2
M

∂

∂M
δZφ . (3.61)

Solving eq. (3.59) for β(g) we then find

β(g) = M
∂

∂M

(
−δg +

1

2
g
∑

j

δZj

)
. (3.62)

We therefore conclude that β depends only on the coefficients of the divergent logarithms,
see eqs. (3.57) and (3.58)

β(g) = −2B − g
∑

j

Aj . (3.63)

Thus the determination of the β-function is reduced to obtaining B and Aj from an explicit
1-loop calculation.

3.4 Asymptotic Freedom

With these preparations we now want to calculate the β-function β(g) that describes the
dependence of the coupling g on the renormalisation scale for SU(N) Yang-Mills theory (in
particular for QCD). The simplest diagram from which we can extract the lowest non-trivial
order of the β-function is the 3-point function

Aa
µ

= igtaγµ

In order to do the calculation at 1-loop we will need vertex and propagator counterterms
(that will absorb the corresponding divergencies). We denote the counterterm for the
vertex by

Aa
µ

= igtaγµδ1
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while those for the propagators are

= i/pδ2

= −i(k2gµν − kµkν)δabδ3

We will work in the Feynman-’t Hooft gauge which means that we set ξ = 1; the gluon
propagator then has the form −iδabgµν 1

k2 (c.f. the rules in section 2.1.2). Given our general
analysis from above, it is clear that the β-function will be of the form

β(g) = gM
∂

∂M

(
−δ1 + δ2 +

1

2
δ3

)
. (3.64)

The counterterm δ2 appears twice (i.e. with prefactor 1) because the vertex we are con-
sidering has two external fermion legs. The counterterms δi are defined by their property
that they absorb the divergencies of the loop corrections to the vertex and the propagators.
The task is therefore to compute the relevant 1-loop diagrams which correct the vertex and
the propagators and to extract their divergent pieces.

First we determine the corrections to the vertex at 1-loop. They arise from the diagrams

(µ, a)

k − k′

p + kp + k′

p
(ν, b)

k′ k

[B]

(µ, a)

k − k′

p + kp + k′

p
(ν, b)

k′ k

[A]

The first diagram gives

[A] =

∫
ddp

(2π)d
(ig)3T bT aT b

(−i)
p2

γν
i(/p+ /k

′
)

(p+ k′)2
γµ
i(/p+ /k)

(p+ k)2
γν . (3.65)

We observe that

T bT aT b = T bT bT a + T b[T a, T b]

= CRT
a + T bifabcT c

= CRT
a +

i

2
fabc[T b, T c]

= CRT
a +

i

2
ifabcf bcdT d

=

(
CR −

1

2
CAdj.

)
T a , (3.66)

70



3.4. ASYMPTOTIC FREEDOM

where CR = T bT b is the quadratic Casimir operator of su(N) evaluated in the representa-
tion R in which the fermions transform. Similarly, CAdj. is the quadratic Casimir evaluated
in the adjoint representation, which by definition equals

CAdj.δ
ad = fabcfdbc = fabcf bcd . (3.67)

For the case of su(N), CAdj. = N . The quadratic Casimir in the adjoint representation is
always equal to the so-called dual Coxeter number.

In order to extract the logarithmic divergence of (3.65), we ignore k and k′ relative
to p — since we are only interested in the coefficient of the logarithmic divergence of the
integral this is sufficient. Furthermore, we make the usual substitution

pρpσ −→ gρσ
p2

d
(3.68)

inside the momentum integral. These two tricks simplify the calculation but do not
change the leading logarithmic divergence. Up to corrections which are finite and not
M -dependent, we find for (3.65):

[A] ∼
∫

ddp

(2π)d
i(ig)3

(
CR −

1

2
CAdj.

)
T a

1

(p2)3
γνp

ργργ
µpσγσγ

ν

=

∫
ddp

(2π)d
i(ig)3

(
CR −

1

2
CAdj.

)
T a

1

d

1

(p2)2
[γνγργ

µγργν ]

=

∫
ddp

(2π)d
i(ig)3

(
CR −

1

2
CAdj.

)
T a

1

d

1

(p2)2
[(2− d)γνγ

µγν ]

=

∫
ddp

(2π)d
i(ig)3

(
CR −

1

2
CAdj.

)
T a

1

d

1

(p2)2
(2− d)2γµ

= g3

(
CR −

1

2
CAdj.

)
T aγµ

(2− d)2

d︸ ︷︷ ︸
→1

∫
ddp

(2π)d
1

(p2)2

= ig3

(
CR −

1

2
CAdj.

)
T aγµ

1

(2π)d

∫
dΩd

∫ √Λ2/M2

1

dp pd−5

=
ig3

(4π)2

(
CR −

1

2
CAdj.

)
log

(
Λ2

M2

)
T aγµ , (3.69)

where we used γργ
µγρ = (2− d)γµ twice and performed a Wick rotation to get the second

last line. This completes the computation of the interesting part of the first diagram [A].
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The other 1-loop correction to the vertex comes from diagram [B] for which we find

[B] =

∫
ddp

(2π)d
(
igT bγν

) i/p
p2

(igT cγρ)
(−i)

(k − p)2

(−i)
(k′ − p)2

×

× gfabc [gµν(2k′ − k − p)ρ + gνρ(−k′ − k + 2p)µ + gρµ(2k − p− k′)ν ]

=
g3

2
CAdj.T

a

∫
ddp

(2π)d
γν/pγρ (gµνpρ − 2gνρpµ + gρµpν)

1

(p2)3

=
g3

2
CAdj.T

a

∫
ddp

(2π)d
1

(p2)2

1

d

(
γµ γργρ︸︷︷︸

=d

−2 γργµγρ︸ ︷︷ ︸
=(2−d)γµ

+ γνγ
ν

︸︷︷︸
=d

γµ
)

=
g3

2d
CAdj.T

a(2d− 4 + 2d)γµ
∫

ddp

(2π)d
1

(p2)2

=
ig3

(4π)2

3

2
CAdj.T

aγµ log

(
Λ2

M2

)
, (3.70)

where we have used that the group theoretical part of the first line works out as

T bT cfabc =
1

2
[T b, T c]fabc =

i

2
f bcdfabcT d =

i

2
CAdj.T

a . (3.71)

By the same arguments as above we have also ignored k and k′ relative to p, and made the
replacement (3.68). Adding the two contributions together we conclude that the vertex
counterterm at 1-loop order is

δ1 = − g2

(4π)2
(CR + CAdj.) log

Λ2

M2
. (3.72)

The calculation of the propagator counterterms is slightly more involved. There are
two propagators we have to consider, namely the fermion and the gluon propagator. In
the following we shall not perform all of these calculations in detail, but only sketch the
relevant ideas, exhibiting the gauge group parts of the various contributions. (The details
of the full calculation can be found in Section 16.5 of [PS].)
For the fermion propagator the relevant 1-loop correction comes from the term

=

∫
d4p

(2π)4
(ig)2γµT a

i(/p+ /k)

(p+ k)2
γµT

a (−i)
p2

Since T aT a = CR, we find

δ2 = − g2

(4π)2
CR log

(
Λ2

M2

)
. (3.73)
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The 1-loop correction to the gluon propagator is much more complicated. Now there are
four 1-loop diagrams we have to consider, and their gauge group indices lead to the Casimir
structures

CAdj.

nFCR

a b

After a lengthy calculation one finds that in order for the divergencies of these loop cor-
rections to be cancelled by the counterterms, we need to have

δ3 =
g2

(4π)2

[
5

3
CAdj. −

4

3
nFCR

]
log

(
Λ2

M2

)
. (3.74)

Putting everything together, we then get for the complete β-function (3.64)

β(g) = gM
∂

∂M

(
−δ1 + δ2 +

1

2
δ3

)

= gM
∂

∂M

(
g2

(4π)2
log

(
Λ2

M2

))[
11

6
CAdj. −

2

3
nFCR

]

⇒ β(g) = − g3

(4π)2

(
11

3
CAdj. −

4

3
nFCR

)
(3.75)

where we obtained the second line by summing eqs. (3.72)-(3.74) according to

−δ1 + δ2 +
1

2
δ3 =

g2

(4π)2
log

(
Λ2

M2

)[
5

6
CAdj. −

2

3
nFCR − CR + CAdj. + CR

]
. (3.76)

For general SU(N) Yang-Mills theory the values are

CAdj. = N, CR=fundamental =
1

2
(3.77)

⇒ β(g) = − g3

(4π)2

(
11

3
N − 2

3
nF

)
. (3.78)
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If nF (the number of flavours) is not too large, the β-function is negative due to the
negative contributions from the Casimir of the adjoint representation CAdj.. This is for
example the case for QCD, where N = 3 and nF = 3. Note that the negative contribution
to the β-function is proportional to CAdj., which is only non-zero for non-abelian theories.
(For abelian theories, such as QED, the first term vanishes, and the β-function has only a
contribution from the second term, which is always positive.)

Theories with negative β-function are called asymptotically free, since the coupling
gets weaker at large energies. In particular, such theories can be treated perturbatively at
large energies. On the other hand, asymptotically free theories have the property that the
coupling becomes strong at low energies or large distances; in this regime the theory must
then be treated non-perturbatively.

For the demonstration that QCD is asymptotically free, Gross, Politzer and Wilzcek
were awarded the Nobel Prize in Physics in 2004.
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Chapter 4

Spontaneous Symmetry Breaking
and the Weinberg-Salam Model of
the Electroweak Interactions

The aim of this chapter is to derive the Lagrangian of the Standard Model of particle
physics describing the known field content of matter particles (leptons and quarks) and
the electroweak interactions (weak bosons and photons) from a classical field approach.
We start by reviewing the electroweak interactions.

4.1 Electroweak Interactions

4.1.1 Characteristics of Weak Interactions

A classic example for the relevance of the weak interaction is the β-decay, i.e. n→ p+e−ν̄e.
Weak interactions have the following characteristics:

• violate parity conservation since the weak gauge bosons couple only to left-handed
fermions.

• The left-handed fermions are arranged in doublets of SU(2)L, whereas right-handed
fermions transform as singlets under SU(2)L.

• The gauge group of the weak interaction is SU(2)L and we refer to it as the weak
isospin group.

The free fermion Lagrangian,

L(fermion)
free = Ψ̄(i/∂ −m)Ψ (4.1)

is invariant under SU(2)L transformations

ΨL −→ Ψ′L = eiθaT
a

ΨL, (4.2)
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where T a = σa

2
are the generators of SU(2) (σa are the Pauli matrices) and θa is the gauge

parameter, provided the derivatives ∂µ is replaced by the covariant derivatives Dµ in as in
the case of SU(N) gauge theory seen in chapter 2. The fermions ΨL are defined by the
decomposition of Ψ in left- and right-handed components:

ΨL
R

=
1± γ5

2
Ψ. (4.3)

The lepton doublet of SU(2)L is defined as

ΨL =

(
νL
eL

)
. (4.4)

The weak isospin of this doublet is T = 1/2 and the third component T3 of T can take
values ±1/2. Considering only one quark-flavour family, the corresponding quark doublet
reads analogously

ΨL =

(
Ψu

Ψd

)

L

. (4.5)

The left-handed spinor ΨL transforms under SU(2)L as described in Eq. (4.2) whereas the
right-handed component is invariant under SU(2)L:

ΨR = eR −→ e′R = eR. (4.6)

The gauge bosons of the SU(2)L symmetry are denoted by W i
µ (i = 1, ..., 3). Wµ is

therefore a triplet of weak isospin vectors.

Wµ =



W 1
µ

W 2
µ

W 3
µ


 . (4.7)

The interaction Lagrangian between fermions and weak gauge bosons obtained by explicitly
writing the covariant derivative Dµ in terms of the derivative ∂µ reads

Lint. ≡ L(fermions-gauge bosons)
int. = −ig

3∑

i=1

J iµW
µ
i with J iµ = L̄γµ

σi
2
L (4.8)

where J iµ is the triplet of left-handed SU(2)L currents and we used the shorthand ΨL ≡ L.
Using the charged vector bosons

W± =
1√
2

(
W 1
µ ∓ iW 2

µ

)
, (4.9)

we can also write Lint. in terms of charged and neutral fields. The Lagrangian describing
fermions, weak bosons and their interactions is therefore given by

Lweak+fermions = L(fermions)
free + L(W)

kin. + Lint. (4.10)

where L(W)
kin. = −1

4
WµνW

µν (4.11)

and Wµν = ∂µWν − ∂νWµ − gWµ ∧Wν . (4.12)
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The last term in (4.12) has the interpretation that the W -bosons couple to each other due
to the non-Abelian nature of SU(2). The Lagrangian (4.10) is SU(2)L-invariant.

4.1.2 Electroweak Interactions

The electroweak interaction are described by the gauge group SU(2)L × U(1)Y. In order
to unify electromagnetic and weak interactions we cannot just add LQED to Lweak. The
reason is that Lint.

QED is parity conserving and treats left- and right-handed fermions equally.
A fact which is not compatible with the nature of the weak interactions. Indeed, Lint.

QED ,
describing the inteaction between a photon (Aµ) and an electron (Ψe) of charge Qe contains
terms of the form

(
QeΨ̄eγ

µΨe

)
Aµ = Qe (ēRγ

µeR + ēLγ
µeL)︸ ︷︷ ︸

=JµQED

Aµ, (4.13)

which contains eL instead of the doublet (νL, eL). Therefore, this term is U(1)e.m.-invariant
but it violates SU(2)L-invariance. We can solve this problem by introducing a new current
JµY associated to U(1)Y which preserve the SU(2)L symmetry. The corresponding conserved
quantity Y is called hypercharge. The current JµY couples to a vector gauge boson Bµ.
Restricting ourselves to one family of leptons (ν, e), we write it as

JµY = 2
(
JµQED − Jµ3

)
= ēRγ

µYR,eeR + ν̄Rγ
µYR,ννR + ēLγ

µYL,χeL + ν̄Lγ
µYL,χνL︸ ︷︷ ︸

=χ̄LγµYL,χχL

, (4.14)

where YR,e (YR,ν) is the hypercharge of eR (νR) and YL,χ is the hypercharge of the doublet
χL = (νL, eL). The third component of the weak current defined in eq.(4.8) is

J3
µ = χ̄Lγµ

σ3

2
χL =

1

2
ν̄LγµνL −

1

2
ēLγµeL, (4.15)

and the QED current reads

JQED
µ = Qe (ēRγµeR + ēLγµeL) = J3

µ +
1

2
JYµ . (4.16)

Matching both sides in Eq. (4.14), we get

YR,e = 2Qe, YR,ν = 0

YL,e = 2Qe + 1, YL,ν = −1.

We conclude that the hypercharge Y , as suggested in eq.(4.14), has the following form:

Y = 2(Q(QED)
e − T3). (4.17)
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This can immediately be verified using

T3(eR) = T3(νR) = 0 (singlet)

T3(νL) = +
1

2

T3(eL) = −1

2





(doublet).

We can thus write down the following SU(2)L × U(1)Y-invariant Lagrangian:

Lelectroweak
int. = −igJ iµW µ,i − ig

′

2
JYµ B

µ (i = 1, 2, 3) (4.18)

with the triplet W i
µ of weak gauge bosons related to SU(2)L , the vector boson Bµ related to

U(1)Y. The corresponding couplings are g and g′, respectively. The complete Lagrangian
Lint. + Lfree-fermion can be decomposed into left- and right-handed components:

∑

χL

χ̄Lγ
µ

(
i∂µ + g

σ

2
Wµ + g′

YL
2
Bµ

)
χL +

∑
Ψ̄Rγ

µ

(
i∂µ + 0 + g′

YR
2
Bµ

)
ΨR, (4.19)

The particle spectrum that arises from the charged and neutral currents of this theory
looks as follows:

• Charged bosons responsible for charged interactions: W±
µ = 1√

2

(
W 1
µ ∓ iW 2

µ

)
. The

”+”-current is J+
µ = χ̄Lγµσ+χL = ν̄LγµeL where σ± = 1

2
(σ1 ± iσ2). The interaction

gives rise to a vertex

W+

νL

e−L

The current J−µ = χ̄Lγµσ−χL = ēLγµνL gives rise to an interaction

W−

e−L

νL
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• Neutral fields W 3
µ and Bµ responsible for the neutral interactions. The neutral vector

bosons Aµ and Zµ corresponding to the photon and the Z0 (mass eigenstates) are
linear combinations of W 3

µ and Bµ:

(
Aµ
Zµ

)
=

(
cos θW sin θW
− sin θW cos θW

)(
Bµ

W 3
µ

)
(4.20)

where θW is called the Weinberg angle that was first introduced by Glashow (1961).
We can thus write the neutral part of the interaction Lagrangian:

L(neutral)
int. = −igJ3

µW
3µ − ig

′

2
JYµ B

µ

= −i
(
g sin θWJ

3
µ +

g′

2
cos θWJ

Y
µ

)

︸ ︷︷ ︸
≡αµ

Aµ − i
(
g cos θWJ

3
µ −

g′

2
sin θWJ

Y
µ

)
Zµ.

(4.21)

Since αmu has to be related to the electric charge, i.e.

αmu
!

= eJe.m.
µ = e

(
J3
µ +

1

2
JYµ

)
, (4.22)

we infer

g sin θW = g′ cos θW = e and tan θW =
g′

g
. (4.23)

The Feynman rules for vertices are as follows:

= −ieqfγ
µ

γ
f

f̄

= − ig√
2
γµ

(
1−γ5
2

)W− e−

νe

W+
νe

e+
and

= − ig
cos θW

γµ1
2
(cfV − cfAγ5)

Z0
f

f̄
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with the vector and axial couplings

cfV = T 3
f − 2 sin2 θW qf (4.24)

cfA = T 3
f . (4.25)

Therefore, L constructed with is invariant under
Note that so far W+, W−, Z0 and Aµ are all massless. This is in contradiction with

experiments which show that the masses are mW,Z ∼ 100 GeV. How can we add mass terms
for the electroweak gauge bosons Z and W? We cannot just introduce a mass term of the
type LM = −m2

2
WµW

µ to the SU(2)L × U(1) gauge invariant Lagrangian because this
introduction would break gauge invariance. Since we want to maintain gauge invariance,
we need another method. The next section deals with a way to do this through the Higgs
mechanism using spontaneous symmetry breaking.

4.2 Spontaneous Symmetry Breaking

4.2.1 Discrete Symmetries (2 Examples)

Some physical systems have symmetries which the ground state (the state of minimal
energy) does not have.

Example 1: Falling Needle

Consider the example of a balanced needle compressed by a force F . As long as the force
is smaller than some critical value Fc, the needle stays in the configuration x = y = 0 and
the system is rotationally symmetric with respect to rotations around the z-axis. This is
the ground state. However, if F > Fc, the needle bends into one particular position. The
rotational symmetry is then broken and we have an infinite number of ground states, all of
which are equivalent and related by rotations around the z-axis. The situation is sketched
in fig. (4.1).

We can characterize spontaneous symmetry breaking as follows:

• A parameter of the system assumes a critical value.

• Beyond that value, the symmetric physical state becomes unstable.

• The new ground state is chosen arbitrarily amongst all equivalent ground states. The
ground state chosen is not invariant under the original symmetry of the system.

Example 2: Real Scalar Field

As a second example consider a real scalar field φ in φ4-theory:

L = T − V =
1

2
(∂µφ)2 −

(
1

2
µ2φ2 +

λ

4
φ4

)
. (4.26)
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| ~F | < Fc | ~F | > Fc

~F ~F

Figure 4.1: Needle standing in an unstable position.

This Lagrangian is invariant under φ → −φ. There are essentially two very different
forms of the potential V which are sketched in fig. (4.2): In the first case, the vacuum
characterized by ∂V

∂φ
= 0 is given by φ = 0 and it is obviously stable. In the second case,

∂V
∂φ

= 0 leads to two possible solutions:

1. φ = 0 (local maximum),

2. φ = ±
√
−µ2/λ ≡ v (two vacua, two local minima).

We analyze the physics close to one of the minima by considering the series expansion
around the minimum, i.e.

φ(x) = v + η(x) (4.27)

[µ2 < 0, λ > 0]

V (φ)

φ
−v v

[µ2 > 0, λ > 0]

V (φ)

φ

Figure 4.2: The two different regimes of the quartic potential.
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where φ(x) is the classical degree of freedom and η(x) is the quantum fluctuation of the
field configuration close to v (perturbative degree of freedom). In general, we are not able
to use φ and solve the theory generally. Instead we do perturbation theory and calculate
fluctuations close to a stable minimum energy. For that we use a Lagrangian in terms of
the perturbative degrees of freedom.

Choosing φ(x) = v + η(x) (i.e. expanding around the minimum on the positive φ-
axis) breaks the symmetry of L. Performing this replacement in the Lagrangian yields a
transformed Lagrangian L′[η] which is not invariant under η → −η anymore. Thus the
symmetry is broken by the special choice φ0 = v. The new Lagrangian reads explicitly

L′[η] =
1

2
(∂µη)2 − λv2η2 +O(η3, η4) (4.28)

where the second term is a mass term (with the correct sign) giving a mass mη =
√

2λv2

to η. The O(η3, η4) terms describe η self-interactions. The conclusion we can draw here is
that spontaneous symmetry breaking generates a mass term for η.

4.2.2 Spontaneous Symmetry Breaking of a Global Gauge Sym-
metry

Consider scalar φ4-theory again. This time, we consider a complex scalar field φ(x) =
1√
2
(φ1(x) + iφ2(x)). The Lagrangian

L = (∂µφ)(∂µφ)∗−µ2φ∗φ− λ(φ∗φ)2

︸ ︷︷ ︸
=−V (φ,φ∗)

(4.29)

is invariant under global U(1) gauge transformations

φ(x) −→ φ′(x) = eiΛφ(x), Λ = const. (4.30)

Consider again the case of µ2 < 0, λ > 0 where L has a mass term with positive sign: the
ground state is obtained as the minimum of V (φ):

∂V

∂φ
= µ2φ∗ + 2λφ∗(φ∗φ) = 0. (4.31)

If µ2 < 0, then the Lagrangian has a mass term with the “wrong” sign. The minimum is
at |φ|2 = −µ2

2λ
. In terms of φ1, φ2 the vaucum is a circle of radius v in the φ1-φ2-plane such

that

φ2
1 + φ2

2 = v2 with v2 = −µ
2

λ
. (4.32)

The situation is sketched in fig. (4.3). The tangent to the circle of vacua is called ξ. The
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[µ2 < 0, λ > 0]

V (φ)

φ1

η
ξ

v

φ2

Figure 4.3: The φ4-potential for a complex scalar field φ.

radial is denoted by η. We consider the minimum given by φ1 = v, φ2 = 0 and expand φ
around this minimum:

φ(x) =
1√
2

(v + η(x) + iξ(x)) (4.33)

where we think of η(x) + iξ(x) as being the quantum fluctuation close to the minimum
(the perturbative degree of freedom). The Lagrangian in terms of η, ξ reads

L[η, ξ] =
1

2
(∂µξ)

2 +
1

2
(∂µη)2

︸ ︷︷ ︸
kinetic terms for ξ, η

−1

2
m2
η

︸ ︷︷ ︸
µ2

η2 + const. +O(η3, ξ2) (4.34)

where the higher order terms are again interaction terms that we do not care about for the
moment (we are interested in the generated mass term).

The particle spectrum is as follows: we have a mass term for η which is −1
2
m2
ηη

2 with
m2
η = −2µ2. For both η and ξ we have kinetic terms, so both fields are dynamical degrees

of freedom. But there is no mass term for ξ. This can be interpreted as follows: the
potential V is tangential in ξ-direction implying a massless mode. It costs instead energy
to displace η because the potential is not flat in the η direction, so this is a massive mode.
This is an example of the general

Goldstone Theorem:
Massless particles (”Goldstone bosons“) occur whenever a continuous symmetry
is spontaneously broken.

The particular case of a global U(1) symmetry being spontaneously broken gives rise
to one massless Goldstone boson ξ (here: a scalar).
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Proof of Goldstone’s Theorem

We prove the Goldstone theorem in the classical field theory approach. Consider a theory
involving several fields φa(x) described by

L = Lkin. − V (φa) (4.35)

and let φa0 be a constant field that minimizes V . For each a we have

∂

∂φa
V (φa)

∣∣∣∣
φa(x)=φa0

= 0. (4.36)

Expanding V about the minimum φa0, we get

V (φa) = V (φa0) +
1

2
(φa − φa0)

(
φb − φb0

)
︸ ︷︷ ︸

quadratic term

(
∂2V

∂φa∂φb

)

φa0

+ ... (4.37)

The coefficient of the quadratic term is the mass matrix
(

∂2V

∂φa∂φb

)

φa0

= m2
ab. (4.38)

It is a symmetric matrix whose eigenvalues are the masses of the fields. If φa0 is a minimum,
then all eigenvalues of m2

ab are ≥ 0.
In order to prove Goldstone’s theorem, we must show that every continuous symmetry of

L that is not a symmetry of φa0 (which is the stable minimum) gives rise to a zero eigenvalue
of this mass matrix. We consider a general continuous symmetry transformation of L given
by

φa −→ φa + α∆a(φ) (4.39)

where α is an infinitesimal parameter and ∆a(φ) is a function of the φ’s. If we specialize
to constant fields, then the derivative terms in L vanish and only the potential V must be
invariant under the transformation (4.39). We have then

V (φa) = V (φa + α∆a(φ)) . (4.40)

By means of the expansion of the right-hand side around α = 0, this is equivalent to

∆a(φ)
∂

∂φa
V (φa) = 0. (4.41)

Differentiating this equation with respect to φb and choosing φa = φb = φ0, we find

0 =

(
∂∆a(φ)

∂φb

)

φ0

(
∂

∂φa
V (φa)

)

φa=φ0︸ ︷︷ ︸
=0 since φ0 minimum

+∆a(φ0)

(
∂2

∂φa∂φb
V (φa)

)

φ0

. (4.42)

There are thus two possibilities:
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1. If ∆a(φ0) = 0 we are in the situation where the transformation leaves φ0 unchanged,
i.e. the symmetry is also respected by the ground state. This case is trivial (no
symmetry breaking).

2. If ∆a(φ0) 6= 0 we have spontaneous symmetry breaking. In this case we have

∂2

∂φa∂φb
V (φa)

∣∣∣∣
φa=φ0

∆a(φ0) = 0 (4.43)

which is equivalent to m2
ab∆

a(φ0) = 0. Thus ∆a(φ0) is our desired vector with
(squared) mass eigenvalue 0. In this case, ∆a(φ0) are our massless Goldstone boson
candidates.

This proves the theorem at the classical level.

4.2.3 Spontaneous Symmetry Breaking of a Local Gauge Sym-
metry and the Abelian Higgs Mechanism

Consider a complex scalar field φ and a local U(1) gauge transformation

φ −→ φ′ = eiα(x)φ. (4.44)

For the corresponding Lagrangian L to be invariant under this U(1) transformation, we
know from QED that we have to impose two conditions. The partial derivative has to be
replaced by a covariant derivative and the gauge field has to satisfy a particular transfor-
mation behaviour:

∂µ −→ Dµ = ∂µ + ieAµ and Aµ −→ Aµ −
1

e
∂µα(x). (4.45)

Starting from the Lagrangian

L = (∂µφ)∗(∂µφ)− µ2φ∗φ− λ(φ∗φ)2, (4.46)

we obtain the following U(1)-invariant Lagrangian:

L = (∂µ − ieAµ)φ∗(∂µ + ieAµ)φ− µ2φ∗φ− λ(φ∗φ)2 − 1

4
FµνF

µν . (4.47)

Consider the case µ2 < 0, λ > 0 and a small perturbation close to the ground state vacuum
v2 = −µ2

λ
:

φ(x) =
1√
2

[v + η(x) + iξ(x)] (4.48)
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where η(x) and iξ(x) are the quantum fluctuations around the ground state v. The La-
grangian becomes

L[η, ξ] =
1

2
(∂µξ)

2 +
1

2
(∂µη)2 − 1

2
(2v2λ)η2 +

1

2
e2v2AµA

µ−

− evAµ∂µξ −
1

4
FµνF

µν + interactions. (4.49)

First of all, we observe the presence of kinetic terms for both η and ξ, a mass term for η,
and a mass term for Aµ. This means that we have the following a priori particle spectrum:

• a massless Goldstone boson ξ,

• a massive scalar particle η with mη =
√

2λv,

• a massive U(1) vector field Aµ with mA = ev.

Furthermore, an off-diagonal term of the form Aµ∂
µξ appears in the Lagrangian (4.49).

By giving a mass to Aµ, we raised the number of degrees of freedom from 2 to 3 since
a massive Aµ has an additional longitudinal degree of freedom. This is not satisfactory:
it cannot be right that just by writing φ(x) = v + η(x) + iξ(x) (i.e. by changing the
parametrization), we can create a new degree of freedom. The interpretation thus has to
be as follows: in L[v, η, ξ] the fields do not correspond to distinct physical particles. Some
of the fields are unphysical. If this interpretation is correct, then we should be able to find
a particular gauge transformation which eliminates this unphysical field. Indeed, this can
be achieved. To this end, we note that φ(x) = 1√

2
(v + η(x) + iξ(x)) is the first order in ξ

of the expansion of

φ(x) =
1√
2

(v + η(x)) eiξ(x)/v. (4.50)

This suggests that the field ξ is actually a gauge parameter of the form α(x). To show that
this is indeed correct, we perform a gauge transformation on the initial fields to obtain a
different set of real fields h(x), θ(x), Ãµ(x) (with ξ(x) given as α(x) = θ(x) here):

φ(x) −→ 1√
2

(v + h(x))eiθ(x)/v (4.51)

Aµ(x) −→ Aµ(x)− 1

ev
∂µθ(x) = Ãµ (4.52)

where Ãµ is a field which is gauge equivalent to Aµ. Because θ(x) is just a gauge parameter
now, it should completely drop out if we write the Lagrangian in terms of these fields. We
can check that this is indeed the case:

L[h, Ãµ] =
1

2
(∂µh)2 − λv2h2 +

1

2
e2v2ÃµÃ

µ − λvh3−

− 1

4
λh4 +

1

2
e2Ã2

µh
2 + ve2Ã2

µh−
1

4
FµνF

µν . (4.53)

This is the Lagrangian which has been proposed by Peter Higgs (Englert, Brout) in 1964.
The particle spectrum of this Lagrangian is as follows:
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• no θ(x) field (the Goldstone field has been ”eaten“ by Aµ),

• a massive, scalar field h (”Higgs field”) with mh =
√

2λv2,

• a massive U(1) vector field Ãµ with mÃ = ev.

We have a conservation of the degrees of freedom between the field content [φ,A] in the

original L and the field content [h, Ãµ] in the Lagrangian (4.53):

L[φ,Aµ] : complex scalar field φ : −→ 2 degrees of freedom,

massless vector field Aµ : −→ 2 degrees of freedom,

L[h, Ãµ] : real scalar field h : −→ 1 degree of freedom,

massive vector field Ãµ : −→ 3 degrees of freedom.

The Goldstone boson in (4.49) was therefore just a spurious degree of freedom. It has
given a longitudinal degree of freedom to Aµ. Now Aµ has “eaten” the Goldstone boson

and became the massive field Ãµ.
In this mechanism, called the Abelian Higgs mechanism, the Goldstone bosons are not

independent fields and can be gauged away. The Goldstone fields which are at the same
time the gauge parameters θ(x), are chosen such that φ(x) is real valued at every point
x. Furthermore, they do not appear any more in L, when we rewrite L in terms of the
transformed fields using Eq. (4.53).

This gauge choice is called unitary gauge. In this gauge, L describes just h and Ãµ
where Ãµ is a massive vector boson and h a massive scalar.

This picture will be clarified by studying the quantization of theories with spontaneously
broken symmetries.

4.2.4 Spontaneous Symmetry Breaking of a Local SU(2) × U(1)
Gauge Symmetry: Non-Abelian Higgs Mechanism

We want to find a mechanism which gives masses to the W± and Z bosons. This mechanism
should also ensure that the photon γ is massless. Consider the Lagrangian

L = (∂µφ)†(∂µφ)− µ2φ†φ− λ(φ†φ)2 (4.54)

with φ being a doublet of scalar fields:

φ =
1√
2

(
φ1 + iφ2

φ3 + iφ4

)
≡
(
φ+

φ0

)
(4.55)

with Y = 1 (choice by Weinberg, 1967). The Lagrangian is invariant if we replace ∂µ by
the SU(2)L × U(1)Y covariant derivative Dµ, i.e.

∂µφ −→ Dµφ =

(
∂µ − ig

σ

2
Wµ − ig′

Y

2
Bµ

)
φ (4.56)
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where Wµ are the SU(2)L gauge bosons related to weak isospin (T3) and Bµ is the U(1)Y

gauge boson related to hypercharge.
The SU(2)L × U(1)Y transformation acts on φ as follows:

φ −→ eiαaT
a

eiβ/2φ (4.57)

where αa and β are the group parameters for SU(2)L and U(1)Y, respectively. To generate
gauge boson masses, we break the symmetry spontaneously. Choosing

µ2 < 0, λ > 0, v2 = −µ
2

λ
and φ(x) =

1√
2

(
0

v + h(x)

)
, φ0 =

1√
2

(
0
v

)
(4.58)

where φ(x) is written as an expansion around the vacuum v, the symmetry under SU(2)L×
U(1)Y is spontaneously broken. The obtained theory will contain

• one massless gauge boson associated with Q = T3 + Y
2

,

• three massive gauge bosons (Higgs mechanism),

• four generators, three of which will independently break the symmetry and generate
three massless Goldstone modes. The Goldstone modes are eaten by the gauge bosons
in order for the latter to aquire a mass (additional degree of freedom).

Let us show that although the choice of vacuum (4.58) breaks SU(2)L × U(1)Y, the elec-
tromagnetic U(1)Q symmetry is preserved by this vacuum. To this end observe that the
chosen vacuum expectation value φ0 satisfies Qφ0 = 0 since φ0 has Y = 1 and T3 = −1

2

and

φ′0 = eiQα(x)φ0 = ei0φ0 = φ0 (4.59)

for any value of α(x) generating the local U(1)Q symmetry of electromagnetic interactions
given by

φ(x) −→ φ′(x) = eiQα(x)φ(x). (4.60)

The particle spectrum of the theory can be studied by inserting the vacuum value
φ0 = 1√

2
(0, v) from (4.58) into the kinetic term (Dµφ)†(Dµφ). This term will generate a

mass term for the weak gauge bosons and it will leave the photon massless as shown below.
Using Wµ = (W 1

µ ,W
2
µ ,W

3
µ), we obtain

(Dµφ0)†(Dµφ0) =

∣∣∣∣
(
−igσ

2
Wµ − i

g′

2
Bµ

)
φ0

∣∣∣∣
2

=
1

8

∣∣∣∣
(
gW 3

µ + g′Bµ g(W 1
µ − iW 2

µ)
g(W 1

µ + iW 2
µ) −gW 3

µ + g′Bµ

)(
0
v

) ∣∣∣∣
2

=
1

8
v2g2

(
|W 1

µ |2 + |W 2
µ |2
)

+
1

8
v2
(
g′Bµ − gW 3

µ

) (
g′Bµ − gW 3µ

)
. (4.61)
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Using

Zµ =
gW 3

µ − g′Bµ√
g2 + g′2

for the neutral gauge boson Z0,

W±
µ =

1√
2

(
W 1
µ ∓ iW 2

µ

)
for the W± gauge bosons,

Aµ =
g′W 3

µ + gBµ√
g2 + g′2

for the photon field as defined before,

Eq. (4.61) becomes

(Dµφ0)†(Dµφ0) =

(
1

2
gv

)2

W+
µ W

−µ +
1

8
v2
(
g′Bµ − gW 3

µ

)2
+ 0︸︷︷︸

=M2
A

(
g′W 3

µ + gBµ

)2

= M2
WW

+
µ W

−µ +
1

2
M2

ZZµZ
µ (4.62)

with MW =
1

2
gv, MZ =

1

2
v
√
g2 + g′2 . (4.63)

As before, we denote

g′

g
= tan θW . (4.64)

Note that the masses MW , MZ are predicted by the theory. The fact that MA = 0 is a
consistency check. One finds

MW ∼ 80.4 GeV, MZ ∼ 91.2 GeV, v = 246 GeV. (4.65)

4.2.5 The Electroweak Standard Model Lagrangian

We are now in the position to write down the electroweak part of the Standard Model
which has been discovered by S. L. Glashow, S. Weinberg and A. Salam in 1966 (Nobel
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prize 1979). The Lagrangian for this spontaneously broken SU(2)L × U(1)Y model reads

L = Lfield+Lmatter + LHiggs, field + LHiggs, matter,

Lfield = −1

4
WµνW

µν − 1

4
BµνB

µν

where W i
µν = ∂µW

i
ν − ∂νW i

µ − gεijkW j
µW

k
ν

Bµν = ∂µBν − ∂νBµ

Lmatter =
∑

L

L̄γµ
(
i∂µ + g

σ

2
Wµ + g′

Y

2
Bµ

)
L+

∑

R

R̄γµ
(
i∂µ + g′

Y

2
Bµ

)
R

LHiggs, field =

∣∣∣∣
(
i∂µ + g

σ

2
Wµ + g′

Y

2
Bµ

)
φ

∣∣∣∣
2

− V (φ)

where V (φ) = µ2φ†φ+ λ(φ†φ)2

LHiggs, matter = −G1

(
L̄φR + R̄φ̄L

)
−G2

(
L̄φcR + R̄φ̄cL

)
+ h.c.

where φc = iσ2φ∗

where L and R in Lmatter are the usual left-handed fermion doublet and right-handed
fermion singlet, respectively. So Lmatter contains kinetic terms for leptons and quarks
and their interactions with the gauge bosons. The LHiggs, field-part is responsible for the
spontaneous symmetry breaking. It contains W±, Z0, γ and Higgs masses and their
couplings with the potential V (φ) as anticipated in the previous section. The last part,
LHiggs, matter, contains lepton and quark masses and their couplings to the Higgs. G1 is the
Yukawa coupling for T3 = −1

2
and G2 is the Yukawa coupling for T3 = +1

2
. For example,

one finds for the leptons

Me =
Gev√

2
(4.66)

where Ge is arbitrary. The Higgs mass

Mh = v
√

2λ (4.67)

is also arbitrary. Fermion and Higgs masses are arbitrary parameters of the model. The
following couplings are possible (→ exercise):
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W±, Z, γ

W±, Z, γ

W±, Z, γW±, Z, γ

W±, Z, γW±, Z, γ

W±, Z, γW±, Z, γ

ff

f ′

W±, Z, γ

W±, Z, γ

W±, Z, γ

W±, Z, γ

H

H

H

H

H

H

H

H

H

H

H

f ′

f

Without Higgs:

Including Higgs:

Note that not every arbitrary combination of gauge bosons in these vertices is allowed. For
example, the photon can only interact with electrically charged fields.

This concludes our discussion of spontaneous symmetry breaking at the classical level.
We will now turn to questions that deal with the quantization of such theories.
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Chapter 5

Quantization of Spontaneously
Broken Gauge Theories

In the last chapter we have seen how the gauge bosons aquire a mass via the Higgs mech-
anism with the classical field approach. We argued that by imposing a special gauge (the

unitary gauge or physical gauge), because only physical fields appear, i.e. h and Ã in the
case of U(1) symmetry, the Goldstone bosons are “eliminated” while the gauge bosons ac-
quire a mass. We ask now whether the unitary gauge also works at higher orders. We would
also like to quantize these spontaneously broken theories in gauges where the Goldstone
bosons are present, so we can study their effects.

For this purpose we will consider the functional approach with the Faddeev-Popov
gauge fixing method for theories with spontaneously broken gauge symmetries. We will
define a class of gauges which are called Rξ gauges (R stands for renormalizability) and
which contain Goldstone bosons explicitly. The Rξ gauges will finally be linked to the
renormalizability of spontaneously broken gauge theories.

5.1 The Abelian Model

We start by considering a spontaneously broken U(1) gauge theory described by

L = −1

4
FµνF

µν + |Dµφ|2 − V (φ) (5.1)

with Dµ = ∂µ + ieAµ.

Here φ(x) is a complex scalar field which we write as φ(x) = 1√
2
(φ1 + iφ2). We want to

analyze L in terms of φ1, φ2. We consider a local U(1) transformation on (φ1, φ2),

δφ1 = −α(x)φ2, δφ2 = α(x)φ1, δAµ = −1

e
∂µα(x). (5.2)

The potential V (φ) = µ2φ∗φ+ λ
2
(φ∗φ)2 generates the spontaneous breaking of the symmetry

(choose µ2 < 0, λ > 0). We write the vacuum as φ1 = v, φ2 = 0 with v = (−µ2/λ)1/2,
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which gives the following parametrization of the fields close to the vacuum:

φ1(x) = v + h(x), φ2(x) = ϕ(x). (5.3)

Here, h(x) is the Higgs field and ϕ(x) is the field corresponding to the Goldstone boson.
Eq. (5.1) becomes

L[A, h, ϕ] = −1

4
(Fµν)

2 +
1

2
(∂µh− eAµϕ)2 +

1

2
(∂µϕ+ eAµ(v + h))2 − V (φ). (5.4)

We observe that L contains a Goldstone boson ϕ and it has an off-diagonal term ∂µϕA
µ.

But L is still invariant under the local U(1) symmetry, where the fields h, ϕ, Aµ transform
as

δh = −α(x)ϕ, δϕ = α(x)(v + h), δAµ = −1

e
∂µα(x). (5.5)

For L given by Eq. (5.4), we consider the following path integral generating functional:

Z =

∫
DADhDϕ ei

∫
d4x L[A,h,ϕ]. (5.6)

To make sense of Z, we must introduce a gauge fixing condition G(A) leading to

Z =

∫
Dα

∫
DA

∫
Dh
∫
Dϕ ei

∫
d4x L[A,h,ϕ]δ (G(Aµα)) det

(
δG(Aµα)

δα

)
(5.7)

with Aµα being the gauge transformed field

Aµα(x) = Aµ(x)− 1

e
∂µα(x). (5.8)

Eq. (5.7) is obtained by inserting

1 =

∫
Dα δ (G(Aµα)) det

(
δG(Aµα)

δα

)
(5.9)

into the path integral (5.6). The gauge fixing condition is

G(Aµα) =
1√
ξ

(∂µA
µ
α(x)− w(x)− ξevϕ) . (5.10)

Compared to the gauge fixing condition we saw for the quantization of Abelian gauge
theories in section 2.2, this condition has a new term proportional to ξevϕ that appears
only for spontaneously broken Abelian gauge theories. This term has the convenient form
such that after taking the square of G, it will cancel the Aµ∂µφ non-diagonal term in (5.4).
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After integrating over w with a Gaussian weight, i.e. by introducing the integral∫
Dw exp

[
−i
∫
d4xw

2

2ξ

]
(exactly as in chapter 2), one finds

Z =

∫
DαDADhDϕ ei

∫
d4x(L− 1

2
G2) det

(
δG(Aµα)

δα

)
(5.11)

with G =
1√
ξ

(∂µA
µ − ξevϕ) . (5.12)

Forming G2, the term quadratic in Aµ provides the gauge dependent term 1
2ξ

(∂µA
µ)2 (as in

chapter 2). As expected, the term ∝ vϕ∂µA
µ in G2 cancels the term of the form ∂µϕA

µ in
the original Lagrangian (5.4). The quadratic terms in the gauge fixed Lagrangian (L− 1

2
G2)

are given by

L(q2) −
1

2
G2 =− 1

2
Aµ

(
−gµν∂2 +

(
1− 1

ξ

)
∂µ∂ν − (ev)2gµν

)
Aν +

1

2
(∂µh)2

− 1

2
m2
hh

2 +
1

2
(∂µϕ)2 − ξ

2
(ev)2ϕ2. (5.13)

where L(q2) contains only the quadratic terms in L given in (5.4). Furthermore, by applying
the transformation (5.5) to (5.12), we find

det

(
δG(Aµα)

δα

)
= det

[
−1

e
∂µ∂

µ − ξev(v + h)

]
· 1√

ξ
(5.14)

which is independent of Aµ and α but depends on h. Therefore it cannot be pulled out of
the functional integral. We use the path integral formulation of the determinant in terms
of ghost fields as we did in Eq. (2.90):

det

(
δG(Aµα)

δα

)
=

∫
DcDc̄ exp

[
i

∫
d4x Lghost

]
(5.15)

with Lghost = c̄

[
−∂2 − ξm2

A

(
1 +

h

v

)]
c (5.16)

where a factor 1
e
√
ξ

has been absorbed into the ghost fields. In this theory, the ghosts do

not couple directly to the gauge fields (the theory is Abelian). However, they do couple to
the Higgs field (so they cannot be “ignored“ as in QED).

The particle spectrum is as follows:

• one massive gauge field Aµ with m2
A = e2v2,

• no ϕ-A mixing,

• one massive Goldstone boson field, whose mass depends on the gauge field: m2
ϕ =

ξ(ev)2 = ξm2
A. Since mϕ is gauge dependent (mϕ ∝ ξ), the Goldstone bosons are

fictitious fields which will not be produced in physical processes.
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5.1. THE ABELIAN MODEL

• an unphysical massive ghost field with the same gauge-dependent mass as the Gold-
stone, m2

ghost = ξm2
A.

Using L− 1
2
G2 +Lghost instead of L in the generating functional Z (given in Eq. (5.6)),

one can derive the propagators for (Aµ, h, ϕ, c) in Rξ gauge (ξ unfixed). The propagators
in the Abelian model with spontaneous symmetry breaking in Rξ gauge read:

Aµ :
µ ν

k

= −i
k2−m2

A

(
gµν − kµkν

k2−ξm2
A
(1− ξ)

)

h :
k

= i
k2−m2

h

ϕ : = i
k2−ξm2

A

c : = i
k2−ξm2

A

(Goldstone)

(Higgs)

(Ghost)

(Photon)

k

k

5.1.1 ξ-dependence in Physical Processes

In physical processes, we expect the ξ-dependence to cancel and the Goldstone bosons not
to be present since they have gauge-dependent mass terms m2

ϕ ∝ ξm2
A.

We illustrate this with an example where this cancellation can be seen to work at tree
level. The cancellation of ξ at all orders can be proven using the BRST symmetry of the
gauge fixed Lagrangian (we will not do this here).

Example: Fermion-Fermion Scattering

Consider the Abelian model with spontaneous symmetry breaking and couple to it a
fermion through

Lmatter = Ψ̄L(i /D)ΨL + Ψ̄R(i/∂)ΨR − λf (Ψ̄LφΨR + Ψ̄Rφ
∗ΨL) (5.17)

where ΨL,R are left- and right-handed fermions and φ is a complex scalar field with φ1(x) =
v + h(x) and φ2(x) = ϕ(x). We have introduced the covariant derivative Dµ = ∂µ + ieAµ
as before. The fermions Ψ have a mass

mf = λf
v√
2

(5.18)
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5.1. THE ABELIAN MODEL

due to spontaneous symmetry breaking. The relevant diagrams for tree level fermion-
fermion scattering are

h ϕ

k′p′

p k

A

q

They include interactions with a

• gauge boson A ((V − A) type),

• Higgs field h,

• Goldstone boson ϕ.

By calculating these amplitudes, we will show that the ξ-dependence and the unphysical
polarisations drop out in the physical amplitude at tree level.

The amplitude for the ϕ-exchange reads

iMϕ =
(λf )

2

2
ū(p′)γ5u(p)

i

q2 − ξm2
A

ū(k′)γ5u(k). (5.19)

To obtain this amplitude, we have replaced ΨL, ΨR in terms of Ψ yielding ΨL
R

= (1∓ γ5)Ψ

and we expressed φ in terms of φ1, φ2 in

−λf
(
Ψ̄LφΨR + Ψ̄Rφ

∗ΨL

)
. (5.20)

The amplitude for the gauge boson exchange reads

iMA =(−ie)2ū(p′)γµ
(

1− γ5

2

)
u(p)

[ −i
q2 −m2

A

(
gµν −

qµqν
q2 − ξm2

A

(1− ξ)
)]

︸ ︷︷ ︸
[α]

×

× ū(k′)γν
(

1− γ5

2

)
u(k). (5.21)

The bracket [α] can be rewritten as

[α] =
−i

q2 −m2
A

(
gµν −

qµqν
m2
A

)
+

−i
q2 − ξm2

A

(
qµqν
m2
A

)
. (5.22)
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Using the identity

qµū(p′)γµ

(
1− γ5

2

)
u(p) =

1

2
ū(p′)[(/p− /p′)− (/p− /p′)γ5]u(p)

=
1

2
ū(p′)[/p

′γ5 + γ5/p]u(p)

= mf ū(p′)γ5u(p) (5.23)

and an analogous identity for the other fermion line (mf = λf
v√
2
, mA = ev), one finds

iMA =(−ie)2ū(p′)γµ

(
1− γ5

2

)
u(p)

i

q2 −m2
A

(
gµν − qµqν

m2
A

)
ū(k′)γν

(
1− γ5

2

)
u(k)−

−(λf )
2

2
ū(p′)γ5u(p)

i

q2 − ξm2
A

ū(k′)γ5u(k)

︸ ︷︷ ︸
=−Mϕ

(5.24)

We see that everything worked out as we expected it to do:

• Goldstone boson diagrams cancel the unphysical (scalar) contributions from the po-
larisation state of the gauge boson in iMA.

• Only the three physical polarisation states of Aµ contribute to the physical process.

• The physical process is ξ-independent. Note that the third diagram (containing
the virtual h-exchange) cannot give further ξ-dependencies because the Higgs field
propagator does not depend on ξ.

Looking only at the first term in MA (since the second term is canceled by the amplitude
Mϕ), one can define an effective propagator for Aµ acting in the physical process:

iDµν
A,eff. =

−i
k2 −m2

A

(
gµν − kµkν

m2
A

)
(5.25)

which contains only physical polarisations of Aµ. Note that for an on-shell vector field Aµ
of mass mA, one has the polarisation sum

∑

εµqµ=0
(λ=1,2,3)

εµ(λ)(q)ε∗ν(λ)(q) = −
(
gµν − qµqν

m2
A

)
(5.26)

which is just the numerator of Dµν
A,eff.. So the tensor structure of the effective vector boson

propagator (5.25) indicates a polarisation sum just over the three physical polarisations,
the unphysical timelike polarisation being absent (in fact, it is cancelled by the diagram
involving Goldstone boson exchange).
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5.2 Quantization of Spontaneously Broken non-Abelian

Gauge Theories

Consider a general Yang-Mills theory with a gauge group G which is spontaneously broken
by the vacuum expectation value of a scalar field φ. The system is invariant under the
infinitesimal symmetry transformations induced by G:

φi −→ (1 + iαa(x)ta)ijφj (5.27)

where φi are the real-valued components of φ. The generators ta thus have to be purely
imaginary:

taij = iT aij (5.28)

with real, hermitian, antisymmetric generators T a. The gauge transformation reads

φi −→ φi + δφi = φi − αaT aijφj, (5.29)

Aaµ −→ Aaµ + δAaµ = Aaµ +
1

g
∂µα

a − fabcαbAcµ = Aaµ +
1

g
Dµα

a. (5.30)

For simplicity, assume that the group G is simple such that we have the same coupling g
for each parameter a. Then the Lagrangian reads

L = −1

4
(F a

µν)
2 +

1

2
(Dµφ)2 − V (φ) (5.31)

with Dµφi = ∂µφi + gAaµT
a
ijφj. (5.32)

For spontaneous symmetry breaking to occur, we assume that for some indices i we have
a vacuum expectation value

〈φi〉 = 〈0|φi(x)|0〉 = vi. (5.33)

We expand the φi close to this value:

φi(x) = vi + χi(x). (5.34)

The values of χi are divided into two orthogonal subspaces

• related to the Goldstone bosons, and

• related to the Higgs fields.

In terms of generators these subspaces are characterized as follows:

• T a is broken if (T a)ijvj 6= 0,

• T a is unbroken if (T a)ijvj = 0,
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5.2. QUANTIZATION OF SP. BROKEN NON-ABELIAN GAUGE THEORIES

and to each broken generator, a massless Goldstone boson is associated. These statements
can be proven as follows:

We note that the potential V (φ) must be invariant under a global transformation1:

V [(1− αaT a) (φ)] = V (φ) ⇔ ∂V

∂φj
(T a)jkφk = 0. (5.35)

Differentiating Eq. (5.35) with respect to φi, we get

∂2V

∂φi∂φj
(T a)jkφk +

∂V

∂φj
(T a)ji = 0. (5.36)

In this equation we have to insert

φi = vi,
∂V

∂φi

∣∣∣∣
φi=vi

= 0,
∂2V

∂φi∂φj

∣∣∣∣
φi=vi

= (m2)ij (5.37)

where the last identification contains the mass matrix for the scalars after symmetry break-
ing according to Goldstone’s theorem. Eq. (5.36) thus reads

(m2)ij (T av)j = 0. (5.38)

If (T av) 6= 0, then (T av) is an eigenvector of (m2)ij with eigenvalue 0 corresponding to a
massless Goldstone boson. As a consequence each broken generator gives rise to a massless
Goldstone boson since it provides a T av 6= 0. The subspace for the Goldstone bosons is
the space spanned by (T a)ijvj for each vj.

We consider

φi(x) = vi + χi(x) (5.39)

(Dµφ)i = ∂µχi + gAaµT
a
ij(v + χ)j. (5.40)

It is convenient to define a real rectangular matrix

F a
i := T aijvj (5.41)

such that

(Dµφ)i = ∂µχi + gAaµ(F a + T aχ)i. (5.42)

Observing that the index a in T aij labels a set of (N ×N) real, antisymmetric matrices, we
conclude that F a

i = T aijvj are rectangular (not necessarily square) matrices with one row
for each generator (labelled by a) and one column for each component φi (labelled by i).
The part of the Lagrangian which contains quadratic terms only (L(q2)) reads

L(q2) = −1

4
(F a

µν)
2 +

1

2
(∂µχ)2

︸ ︷︷ ︸
kinetic term

(Goldstone bosons)

+ g∂µχiA
µ
aF

i
a︸ ︷︷ ︸

off-diag.
term

+
1

2

(
g2F a

j F
b
j

)
︸ ︷︷ ︸

=(m2
A)ab

AaµA
µb + ... (5.43)

We see that in this Lagrangian we have

1It is sufficient to consider a global transformation here and not a local one, to ensure that L is invariant
under the same transformation.
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• an off-diagonal term,

• a kinetic term for the Goldstone bosons χi,

• gauge bosons Aaµ with mass squared matrix (m2
A)ab = g2F a

j F
b
j .

The F a
i will only be non-zero for the components of φi that are Goldstone bosons which

come with a broken generator. These non-zero F a
i elements will be related to the gauge

boson masses, as the mass matrix m2
A is composed of them.

As an example, consider the matrix F a
j in the GWS electroweak theory where we use

the following parametrization:

φ =

(
φ+

φ0

)
=

1√
2

(
−i(φ1 − iφ2)
v + (h+ iφ3)

)
. (5.44)

Here φi are the Goldstone bosons and h is the Higgs field. The vacuum expectation value
of φ is

φ0 =
1√
2

(
0
v

)
. (5.45)

The generators T aij (a = 1, 2, 3,Y and i, j = 1, 2, 3) are given by

T a = −iσ
a

2
, T Y = −iY = − i

2
, (5.46)

such that we have 3 generators T a for SU(2) and 1 generator for U(1)Y. This yields, for
example,

F 1
1 = T 1φ0 =

v

2
× (unit vector in the φ1 direction). (5.47)

In general, F a
i is given by

gαF
a
i =

v

2




g 0 0
0 g 0
0 0 g
0 0 g′


 (5.48)

which is a matrix with indices a = 1, 2, 3, 4 and i = 1, 2, 3. The number gα is g for the first
two columns and it is g′ for the last column.

Before we return to the example of GWS theory, we continue to quantize the gen-
eral non-Abelian, spontaneously broken gauge theory. To study the quantum theory, we
consider

Z =

∫
DADχ ei

∫
d4x L[A,χ] (5.49)
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where L is given in Eq. (5.31) and has the quadratic part L(q2) given by Eq. (5.43).
We “modify” L to make Z finite, by imposing a gauge fixing procedure (Faddeev-Popov
method):

Z −→ C ′
∫
DADχ exp

[
i

∫
d4x

(
L − 1

2
(G2)

)]
det

(
δG

δα(a)

)
(5.50)

where G(A,χ) is given in the Rξ gauge (ξ undetermined) for each a by

Ga =
1√
ξ

(∂µA
µa − ξgF a

i χi) (5.51)

where the first term is as for the unbroken system and the second term will compensate
the off-diagonal term in L. The second term should be compared with the analogous term
−evϕξ in the Abelian case (c.f. Eq. (5.10)). The gauge fixing condition G involves only
components of χ that lie in the subspace of the Goldstone bosons because χi is multiplied
by F a

i which is non-zero only in this case. The quadratic terms which will appear in the
gauge fixed Lagrangian read

(
−1

2
G2

)

(q2)

=
1

2
Aaµ

(
1

ξ
∂µ∂ν

)
Aaν + g∂µA

µaF a
i χi −

1

2
ξg2 [F a

i χi]
2 (5.52)

where the second term on the right-hand side is engineered such that it cancels the off-
diagonal term in L. The quadratic terms in the complete Lagrangian thus read

(
L − 1

2
G2

)

(q2)

= −1

2
Aaµ

([
−gµν∂2 +

(
1− 1

ξ

)
∂µ∂ν

]
δab − g2F a

i F
b
i︸ ︷︷ ︸

=g2(FFT)ab

=(m2
A)ab

gµν
)
Abν

+
1

2
(∂µχ)2 − 1

2
ξg2F a

i F
a
j︸ ︷︷ ︸

=ξg2(FTF )ij
=(m2

Goldst.)ij

χiχj. (5.53)

We note that in this Lagrangian, the mass square matrices of A
(a)
µ and of the Goldstone

bosons appear as indicated. Both of them are essentially determined by the matrix F . The
Goldstone square mass matrix only is proportional to the gauge parameter ξ.

We can now construct the ghost Lagrangian:

det

(
δG(a)

δα(b)

)
=

∫
DcDc̄ exp

[
i

∫
d4x Lghost

]
(5.54)

where G(a) =
1√
ξ

(
∂µA

µ(a) − ξgF a
i χi
)
. (5.55)

101



5.2. QUANTIZATION OF SP. BROKEN NON-ABELIAN GAUGE THEORIES

In order to find δG(a)

δα(b) we consider the variations of A
(a)
µ and χi under the gauge transfor-

mation with gauge parameter α(a)(x):

Aaµ −→ Aaµ + δAaµ = Aaµ +
1

g
(Dµα

a) (5.56)

φi −→ φi + δφi (5.57)

χi −→ χi − αa(x)T aijφj (φj = vj + χj). (5.58)

This yields

δG(a)

δα(b)
=

1√
ξ

(
1

g
∂µD

µ

)ab
+ ξgF a

j T
b
jk(vk + χk)

=
1√
ξ

(
1

g
∂µD

µ

)ab
+ ξgF a

j F
b
j + ξgF a

j T
b
jkχk

=
1√
ξ

(
1

g
∂µD

µ

)ab

︸ ︷︷ ︸
as in non-Abelian case

without symmetry breaking

+
1

g
ξg2F a

j F
b
j +

1

g
ξg2F a

j T
b
jkχk

︸ ︷︷ ︸
new for spontaneously broken,

non-Abelian case

. (5.59)

This gives the following ghost Lagrangian (absorbing 1
g

in the definition of c):

Lghost = c̄a
[
(∂µD

µ)ab + ξg2F a
j F

b
j︸ ︷︷ ︸

=(m2
ghost)

ab

=ξm2
A

+ξg2F a
j T

b
jkχk

]
ca (5.60)

where the second term gives the mass term for the ghosts c. Using the definition Z =∫
DADχ ei

∫
d4x L with

L = L[Aµ, χ] + Lgauge-fix + Lghost where Lgauge-fix = −1

2
G2, (5.61)

we can compute the propagators for the gauge field A
(a)
µ , the scalar fields χ and h, and the

ghosts c, c̄ in an Rξ gauge. For propagators we find:
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A
(a)
µ :

µ, a ν, b

k

=
(

−i
k2−g2(FFT)

[
gµν − kµkν

k2−ξg2FFT(1− ξ)
])ab

h :
k

= i
k2−m2

h

χ : =
(

i
k2−ξg2FTF

)
ij

c : =
(

i
k2−ξg2FFT

)ab

(Goldstone)

(Higgs)

(Ghost)

(Gauge)

i j

a b

where the Higgs propagator comes from the potential V (φ) and is independent of ξ. The
matrix F appears in all these equations. When appearing in the denominator, it should
be interpreted as an inverse matrix.

Specializing again these general results for a non-Abelian, spontaneously broken gauge
theory to the electroweak theory, let us see what are the mass matrices FFT and FTF in
the GWS electroweak theory. We have gF a

i given by the (4× 3) matrix in Eq. (5.48) such
that the (4× 4) mass matrix for the gauge bosons reads

g2FFT =
v2

4




g2

g2

g2 −gg′
−gg′ g′2


 . (5.62)

This matrix acts on (W 1,W 2,W 3, Bµ). If we diagonalize this matrix, we obtain relations
for the masses of the physical fields (W+,W−, Z0, γ) given by

mW =
1

2
vg, (5.63)

mZ =
1

2
v
√
g2 + g′2, (5.64)

mA = 0, (5.65)

and the obtained matrix for g2FFT acts on the physical fields (W+,W−, Z0, γ). In the
mass eigenstate basis, the four gauge boson propagators decouple to give simply in an Rξ

gauge

A
(a)
µ :

µ, a ν, b

k

−i
k2−m2

[
gµν − kµkν

k2−ξm2(1− ξ)
]ab
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with m ∈ {mW+ ,mW− ,mZ ,mγ = 0}.
The mass matrix for the Goldstone bosons reads

ξg2FTF = ξ
v2

4



g2

g2

g2 + g′2


 . (5.66)

This matrix acts on (φ1, φ2, φ3), so that we find that the Goldstone boson propagator is
given by

χ :
k

=
(

i
k2−ξm2

)
ij(Goldstone)

i j

with m2 = m2
W for φ1, φ2 (the Goldstone bosons which give W± their masses) and m2 = m2

Z

for φ3 (the Goldstone boson which is eaten by Z0). Finally we have four ghost fields with
propagators

c :
k

=
(

i
k2−ξm2

)ab

(Ghost)

a b

with the same values m2 as masses as for the gauge bosons (Aµ,W
±
µ , Z

0
µ).

5.3 Rξ Gauge Dependence in Perturbation Theory

The aim of this section is to analyze qualitatively the renormalizability and unitarity of
quantum field theories with spontaneous symmetry breaking.

Remember that renormalization has to “handle” divergences at higher orders. For loop
momenta k, there are UV divergences (k →∞) and IR divergences (k → 0). In this section
we will only deal with UV divergences. For renormalizable theories, UV divergences are
removed at each order by a finite number of counterterms.

As seen in QFT I, in order to decide whether a theory is renormalizable, it is useful to
define the superficial degree of divergence D where D is a function of the number of loops,
the number of legs and the number of internal and external propagators.

A theory is renormalizable if D is independent of n (the number of vertices) and if
D is independent of the order in perturbation theory. One can then identify the class of
divergent graphs and determine their ultraviolet behaviour. If k → ∞ in the graph, then
the integral

∫∞
dk kD−1 is convergent if D < 1. A theory is renormalizable if there is

only a finite set of divergent gaphs and if a finite set of counterterm graphs is enough to
absorb all divergences present in these divergent graphs. The infinities are absorbed into
redefinitions of parameters (order by order). We shall review these properties in the next
chapter.
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Unitarity is the property that ensures S†S = 1. If |n〉 denotes a final state and
〈m| denotes an initial state, then the probability amplitude for the transition m → n is
just 〈m|S|n〉. The conservation of probability demands that the sum over all probability
amplitudes must be unity,

∑

n

|〈m|S|n〉|2 = 1 ⇒ S†S = 1, (5.67)

i.e. S is unitary.
Furthermore, since S is a physical quantity, it should be independent of the gauge

parameter ξ. Unitarity thus also demands that there are no contributions from unphysical
states (like Goldstone bosons) to observables.

To summarize, we want any QFT to be renormalizable and unitary. Let us see the “a
priori” situation for Rξ theories.

5.3.1 QFT with Spontaneous Symmetry Breaking and finite ξ

Concerning renormalizability, what do we expect from the näıve power counting argument?
In an Rξ gauge, the propagators of gauge bosons and Goldstone bosons fall off as 1

k2 .
Therefore, by power counting we expect theories in Rξ gauge to be renormalizable.

However, theories in Rξ gauge are not manifestly unitary because they have unphysical
degrees of freedom. The cancellations of these unphysical contributions is not trivial.

5.3.2 QFT with Spontaneous Symmetry Breaking for ξ →∞
If the gauge parameter ξ → ∞, we have a completely different physical picture. In this
limit the unphysical bosons which have masses m2 ∝ ξ disappear. The propagators become

Aµ :
µ ν

k

= −i
k2−m2

A

(
gµν − kµkν

m2
A

)

= 0ϕ :
(Goldstone)

(Gauge b.)

k

Note that the gauge boson propagator contains exactly and only the three physical spacelike
polarisations

gµν − kµkν

m2
A

=
∑

transv.,
long.

ε(λ)∗
µ (k)ε(λ)

ν (k). (5.68)

Remember from chapter 4 that by constructing theories with spontaneous symmetry
breaking, in the case of the Abelian Higgs mechanism (see section 4.2.3), we saw that in
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a unitary gauge, the Goldstone field could be eliminated by a gauge transformation and
the Higgs field was real. We can now view the ξ → ∞ limit of Rξ gauges as a quantum
realization of the unitary gauge. Unitarity is then manifest for such a theory with ξ →∞:
there are no unphysical states. However, the renormalizability is non-trivial. By näıve
power counting, the gauge boson propagator falls off more slowly than 1

k2 . A QFT with
ξ →∞ is manifestly unitary but not necessarily renormalizable.

These considerations motivate the next chapter: renormalizability of broken and un-
broken gauge theories.
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Chapter 6

Renormalizability of Broken and
Unbroken Gauge Theories: Main
Criteria

The aim of this chapter is to present the main criteria leading to a proof of renormalizability.
Most of the results in this chapter will not be derived in detail and not all statements will
be proven. We just want to give an overview over the methods since calculations beyond
leading order are rather complicated.

6.1 A Renormalization Program (UV Divergences only)

Given the requirements presented in section 5.3 related to a renormalizable QFT, we want
to give the renormalization conditions of a proof by induction of the renormalizability of a
QFT. We will consider a procedure in four steps:

1. Define the superficial degree of divergence and identify the divergent graphs.

2. Evaluate the divergent graphs by a regularization procedure (dimensional regulariza-
tion in d = 4− 2ε dimensions). Divergences appear as poles in ε. The advantage of
dimensional regularization is that gauge invariance is preserved.

3. Construction of the renormalization counterterms. In this step we have to add new
terms to the Lagrangian of the theory in order to subtract divergent graphs. We
have to perform the renormalization (redefinition) of the parameters in L.

4. The last step is inductive. Provided that steps 1,2,3 are done, we assume that the
theory is renormalizable at nth order and show that it is renormalizable at (n+ 1)th

order by using a recursion relation which enables us to construct graphs of (n+ 1)th

order from nth order graphs.
All inductive proofs are based on the
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6.2. OVERALL RENORMALIZATION OF QED

Weinberg Theorem:
A Feynman graph is convergent if the superficial degrees of divergence of the
diagram itself and all its subgraphs are negative.

Some general remarks concerning this program:

• We only need to worry about 1PI diagrams: as we have seen in QFT I, any diagram
can be written in terms of products of 1PI diagrams.

• Our considerations are purely formal, so we only consider UV divergences (k →∞)
and ignore IR divergences (k → 0). However, we should keep in mind, that in QED
and QCD with massless gauge bosons also IR divergences do occur.

• Unitarity and gauge invariance should be kept throughout the renormalization pro-
cedure.

• For step 4, we will at best present the necessary recursion relation, but we will not
give any formal proof.

In the following, let us perform these steps for QED and QCD.

6.2 Overall Renormalization of QED

We recall what has already been seen in QFT I.

First step: Definition of superficial degree of divergence D. The first step is to
define the superficial degree of divergence D by counting the powers of momenta in vertices,
loops and propagators appearing in the theory:

D = 4L− 2Pi − Ei (6.1)

where L is the number of loops, Pi the number of internal photon lines, and Ei is the
number of internal electron lines. A priori, D depends on internal properties of the diagram
(L,Ei, Pi). This is not what we want for a renormalizable theory. Therefore, in order to
obtain the final form of D, we rewrite the internal properties in terms of external ones
(external fermion lines Ee and external photon lines Pe) using momentum conservation at
each vertex and overall momentum conservation in the diagram. As we have seen in QFT
I, this yields

D = 4− 3

2
Ee − Pe. (6.2)

Written in this form, D is independent of the number of vertices n and independent of the
number of loops, L. We conclude that QED is in principle renormalizable according to
this criterion.
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6.2. OVERALL RENORMALIZATION OF QED

Second step: Identify the divergent diagrams. The diagram

p k p

p− k

∼ (−ie)2µ2−d/2 ∫ ddk
(2π)d

γµ
i(/k+m)

(k2−m2+iε)
γµ −i

(p−k)2+iε

is a 1-loop contribution to the 1PI diagram related to the electron self-energy,

1PI = −iΣ(p).

One finds at second order in perturbation theory (cf. QFT I) that1

Σ2(p)
∣∣
div.

=
α

4πε

(
4πµ2

m2

)ε
Γ(1 + ε)

︸ ︷︷ ︸
[β]

(−/p+ 4m) (6.3)

in d = 4−2ε dimensions with Γ(1+ε) = e−εγ+O(ε). The divergence in this graph appears
as 1

ε
and [β] is kept unexpanded. The presence of µ is directly related to dimensional

regularization: since the action

S =

∫
ddx L (6.4)

has to have mass dimension zero, the Lagrangian L has mass dimension d. Therefore, one
has to replace the coupling e as follows:

e −→ eµ2−d/2. (6.5)

In order for the coupling e appearing on the right-hand side to be dimensionless, the original
coupling is multiplied by an appropriate power of µ, where µ is some arbitrary mass scale.
The term [β] in Eq. (6.3) comes for “free” in the calculation, so we keep it unexpanded.

There are two more divergent graphs in QED. On the one hand we have the photon
vacuum polarisation

q q

k

k + q

µ ν

= iΠµν
2 (q)

which provides a correction to the photon propagator. Finally, the electron-photon vertex
is corrected at 1-loop level by the diagram

q

µ

k

p′ − kp− k

p p′

= ieµεΛµ
2(p, q, p′)

The expressions for these 1-loop divergent graphs were given in QFT I.

1The subscript in Σ2(p) denotes the order in perturbation theory.
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6.2. OVERALL RENORMALIZATION OF QED

Third step: Construction of counterterms. Starting from a bare Lagrangian

Lbare
QED = Ψ̄(i/∂ −m)Ψ− 1

4
FµνF

µν − 1

2ξ
(∂µA

µ)2 − µεeΨ̄γµΨAµ, (6.6)

we have to write down a quantized theory in d dimensions. The fields and parameters are
redefined such that Lbare

QED written in terms of renormalized quantities (which we denote by
a subscript r) looks reasonably simple. We define four renormalization constants by the
following relations:

Ψ =
√
Z2Ψr (6.7)

Aµ =
√
Z3A

µ
r (6.8)

me = mr + δm (6.9)

e =
Z1

Z2

√
Z3

er. (6.10)

We consider the bare Lagrangian Lbare
QED written in terms of a renormalized Lagrangian

Lren.
QED and a counterterm Lagrangian Lcounter.

QED , all three written in terms of the renormalized
quantities:

Lbare
QED[Ψr, A

µ
r , er,mr](Zi) = Lren.

QED(Zi = 1) + Lcounter.
QED (δi = 1− Zi) (6.11)

with Lcounter.
QED = −1

4
δ3Fµν,rF

µν
r −

1

2ξ
δ3(∂µA

µ
r )2 + Ψ̄r(iδ2/∂ − δm−mδ2)Ψr

− µεerδ1Ψ̄rγµΨrA
µ
r . (6.12)

From Lcounter.
QED one can obtain the Feynman rules for the counterterm diagrams which have

to be such that the sum over all divergent diagrams plus the counterterm diagrams is finite.
From Lcounter.

QED we find which parameters δi are associated with which divergent diagram.
We have the following counterterm rules:

δ2, δm are associated to the fermion propagator. The counterterm is

→ δ2, δm will absorb the divergences in the electron self energy graph: δ2, δm ∝ Σe(p)
∣∣
div.

δ1 is associated to the vertex:

→ δ1 will absorb the divergences in the vertex graph: δ1 ∝ Λ2(p, q, p
′)
∣∣
div.

δ3 is associated to the photon propagator. The counterterm is

→ δ3 will absorb the divergences in the photon vacuum polarization graph: δ3 ∝ Πµν(q)
∣∣
div.

The sum of divergent diagrams plus their respective counterterms in the MS-scheme is
performed as follows. The counterterms contain a purely divergent part (1

ε
). They also
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6.3. RENORMALIZABILITY OF QCD

contain a finite part (4π)εe−εγ and they have a dependence on the renormalization constant
µR (which is introduced in the MS scheme) to compensate the unphysical µ-dependence
coming from dimensional regularization in divergent graphs. Any divergent graph is thus
proportional to

1

ε

(
4πµ2

m2

)ε
e−εγ (6.13)

where m is the physical scale. And the counterterm graph is proportional to

−1

ε

(
4πµ2

µ2
R

)ε
e−εγ (6.14)

such that the sum of divergent graph plus counterterm is proportional to log(µ2
R/m

2)
and is thus related to the physical observable. This will then depend on µR (called the
renormalization scale) and the physical scale m.

As we are able to find a finite number of counterterms which absorb all divergences of
divergent graphs at 1-loop order, we conclude that QED is renormalizable at one loop.

Fourth step: Induction. Is QED renormalizable at all loops? From QFT I we know a
recurrence relation called the Ward-Takahashi identity which provides a relation between
on-shell amplitudes with n and with (n + 1) external photons. This relation guarantees
gauge invariance at all orders. As a consequence of the Ward-Takahashi identity, we have
seen that

Z1 = Z2. (6.15)

Therefore, the Ward-Takahashi identity helps to reduce the number of independent renor-
malization constants and to keep the number of counterterms finite. It is a crucial ingre-
dient to prove the renormalizability of QED at all orders in perturbation theory.

6.3 Renormalizability of QCD

In this section, we will go over the four steps of the inductive proof of renormalizability for
the gauge theory of QCD.

First step: Define superficial degree of divergence D. We use the quantized version
of the QCD Lagrangian given in Eq. (2.96),

LQCD = Lfermions + Lgauge

= Lfermions + LYM + Lgauge fix + Lghost. (6.16)
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6.3. RENORMALIZABILITY OF QCD

The fields appearing in this Lagrangian are the fermions Ψ (a triplet of quarks), gauge

bosons A
(a)
µ (vectors) and ghost fields c(a) (scalars). To define D, we denote

EΨ : number of external fermion lines,

EA : number of external vector lines,

EG : number of external ghost lines,

IΨ : number of internal fermion lines,

IA : number of internal gauge boson lines,

IG : number of internal ghost lines,

V 3
A : number of 3-gauge boson vertices,

V 4
A : number of 4-gauge boson vertices,

VΨ : number of fermion-vector vertices,

VG : number of ghost vertices.

If QCD is renormalizable, we should find that D is independent of Vi and the number of
loops. By power counting of k in the propagators and vertices, one finds in four dimensions

D = 4L− 2IA − 2IΨ − 2IG + V 3
A + VG (6.17)

which depends a priori on internal propagators. As in QED we have that the number of
fermion-vector vertices is related to the number of propagators and the number of external
lines by

VΨ = IΨ +
1

2
EΨ. (6.18)

Since there are no external ghost lines, one finds

EA + 2IA = 4V 4
A + 3V 3

A + VG + VΨ. (6.19)

Each ghost propagator is connected to one end of a ghost vertex:

VG = IG. (6.20)

In order to define the number of loops, we observe that each internal line (IA, IG, IΨ)
is associated to constrained momenta. Imposing momentum conservation at vertices, one
finds

L = IA + IΨ + IG − V 3
A − V 4

A − VG + 1 (6.21)

such that

DQCD = 4− EA −
3

2
EΨ (6.22)

exactly as in QED. Therefore, according to the power counting argument, QCD is in
principle renormalizable.
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6.3. RENORMALIZABILITY OF QCD

Second step: Identify divergent diagrams. In QCD there are seven divergent dia-
grams with non-negative superficial degree of divergences:

• Three divergent self-energy diagrams associated to the propagators. Therefore, we
need three propagator counterterms associated respectively to the gluon, quark and
ghost propagators:

(D = 2) (D = 1) (D = 1)

• Four vertex counterterms related respectively to the 3-gluon, 4-gluon, ghost-gluon
and quark-gluon vertices:

(D = 1) (D = 0) (D = 0) (D = 0)

Third step: Construction of the counterterm diagrams. We want to evaluate the
divergent and counterterm graphs at 1-loop order together such that their sum is finite.
In order to do so, we need the counterterm Lagrangian Lcounter.

QCD from which we can deduce
the Feynman rules for the counterterm graphs.

We start with the quantized form of LQCD in d dimensions written in terms of a free
part and an interaction part:

LQCD = −1

4
(∂µA

a
ν − ∂νAaµ)(∂µAνa − ∂νAµa)− 1

2ξ
(∂µA

µa)2

+ i(∂µc
a)∗(∂µca) + Ψ̄i(i/∂ −m)Ψi

− g

2
µεfabc(∂µA

a
ν − ∂νAaµ)AµbAνc − g2

4
µ2εfabcf cdeAaµA

b
νA

µdAνe

− igµ2εfabc(∂µca)∗cbAcµ + µεgΨ̄iT aijΨ
jAaµ. (6.23)

To define the renormalized Lagrangian Lren.
QCD, fields and parameters need to be redefined

such that the bare Lagrangian Lbare
QCD contains simple factors of Zi. This can be achieved
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6.3. RENORMALIZABILITY OF QCD

by defining

Aaµ = Z
1/2
3 Aarµ (6.24)

ca = Z̃
1/2
3 car (6.25)

Ψ = Z
1/2
2 Ψr (6.26)

g = Zggr (6.27)

ξ = Z3ξr (6.28)

m = Zmmr (6.29)

where the renormalization of α has been chosen such that the gauge fixing term in L is
kept unchanged between Lren.

QCD and Lbare
QCD. This yields

Lbare
QCD = Lren.

QCD + Lcounter.
QCD (6.30)

where Lcounter.
QCD is the counterterm Lagrangian and Lren.

QCD is the renormalized Lagrangian.
Written in terms of renormalized quantities (Arµ, Ψr, c

a
r , gr, mr), we have





Lren.
QCD = LQCD[Arµ,Ψr, c

a
r ](Zi = 1)

Lbare
QCD = LQCD[Arµ,Ψr, c

a
r ](Zi)

Lcounter.
QCD = LQCD(−1 + Zi)

(6.31)

and Lbare
QCD = Lren.

QCD + Lcounter.
QCD . (6.32)

To find Lcounter.
QCD , we use the fact that in the action there appears actually an integral

over L such that we can apply integration by parts and remove surface terms. In this way
L can be written in a form which is quadratic in the fields and from which the Feynman
rules can be easily found:

Lcounter.
QCD = (Z3 − 1)

1

2
Aaµ,rδab(g

µν∂2 − ∂µ∂ν)Abν,r
+ (Z̃3 − 1)carδab(−i∂2)cbr

+ (Z2 − 1)Ψi
r(i/∂)Ψ̄i

r − (Z2Zm − 1)mrΨ̄
i
rΨ

i
r

+ (Z2
gZ

1/2
3 − 1)︸ ︷︷ ︸
≡Z1−1

1

2
grµ

εfabc(∂µA
a
ν,r − ∂νAaµ,r)Aµbr Aνcr

− (Z2
gZ

2
3 − 1)︸ ︷︷ ︸

≡Z4−1

1

4
g2
rµ

2εfabcf cde(Aaµ,rA
b
ν,rA

µd
r A

νe
r )

− (ZgZ̃
1/2
r − 1)︸ ︷︷ ︸
≡Z̃1−1

igrµ
εfabc(∂µcar)c

b∗
r A

c
µ,r

+ (ZgZ2Z
1/2
3 − 1)︸ ︷︷ ︸

≡Z1F−1

grµ
εΨ̄i

rT
a
ijγ

µΨj
rA

a
µ,r. (6.33)

This yields the Feynman rules for the counterterms
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µ, a ν, b
= (Z3 − 1)δab(kµkν − k2gµν)

a b
= (˜Z3 − 1)δabk

2

i j

k

k

= [(Z2 − 1)/k − (Z2Zm − 1)mr] δij

which correct the propagators by absorbing the divergences in self-energy diagrams. Fur-
theremore, we get the following vertex counterterms:

= −igrf
a1a2a3Vµ1µ2µ3(k1, k2, k3)

= (Z4 − 1)(−1)g2rWµ1µ2µ3µ4f
a1a2bf ba3a4

= (Z̃1 − 1)(−igr)f
abckµ

= (Z1F − 1)grT
a
ijγµ

a1

a2 a3

k2 k3

k1

where the vertex functions Vµ1µ2µ3 and Wµ1µ2µ3µ4 have been defined in chapter 2.
From these rules, we then also know which counterterm diagram has to be associated

with which divergent diagram and how the renormalization constants (Zi) are associated
with the counterterm diagrams.

Remark: Universality of the coupling constant gr: A priori, we have four different
ways of extracting gr (and therefore the renormalization constant Zg) from the vertex
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counterterm diagrams. For example, the quark-gluon vertex corresponds to a term

Ψ̄i
r

[
(Z1F − 1)grT

a
ijγµ
]

Ψj
rA

a
rµ (6.34)

in the Lagrangian. According to the definition in Eq. (6.33),

(Z1F − 1) = (ZgZ2Z
1/2
3 − 1). (6.35)

We infer that

Zg =
Z1F

Z2

√
Z3

(6.36)

similar as in QED. By gauge symmetry of L, all different ways of extracting gr and Zg are
the same, leading to the universality of gr (not proven here). The universality of gr is a
consequence of the generalized Ward identity in the non-Abelian case (the equivalent for
SU(N) of the Ward identity for QED). The so-called Slavnov-Taylor identity ensures
gauge invariance through all orders in QCD. If Zg is always the same, independent of
which counterterm we use to extract it, then not all renormalization constants (Zi) can be
independent. One finds the relations

Z1

Z3

=
Z̃1

Z̃3

=
Z1F

Z2

=
Z4

Z1

. (6.37)

This result is the analog to the identity Z1 = Z2 in QED (consequence of Ward identity).
The generalized Ward identities help to reduce the number of renormalization constants

and helps to prove the renormalizability of QCD.

6.3.1 One Loop Renormalization of QCD

We need to identify the divergent graphs and the required counterterms in order to extract
the renormalization constants. In the MS-scheme, we

• adjust the renormalization constants with renormalization scale dependence µR, and

• add a finite term (4π)εe−εγ.

As an example, consider the gluon self-energy. We have the following corrections to the
gluon propagator:

1 loop

= + + +

+ +

k

q + k

q
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= Πab
µν = δab(kµkν − k2gµν)Π(k2)

with Π(k2) =
g2
r

(4π)2
e−εγ

(
4πµ2

k2

)ε [
4

3
TRNf −

1

2
CG

(
13

3
− αr

)]
· 1

ε
+ (Z3 − 1) + finite

(6.38)

where TRNf comes from the quark loop contribution (Nf is the number of quark flavours)
and CG comes from ghost and gluon loops. The color factors TR and CG are defined by
(→ exercise)

tr(T aT b) = δabTR, (6.39)

facdf bcd = δabCG. (6.40)

As an example, the quark loop contribution to Πab can be calculated as

p + k

p

= −Nf
∫ ddp

(2π)d
tr

[
gγµT

a 1
[/p+/k−m]

gγνT
b 1
[/p−m]

]

where the minus sign comes from the fermion loop and the trace runs over Dirac matrices
and T a generators.

Similarly one can calculate the other 1-loop corrections to the gluon propagator. The
1-loop contributions sum up to give

Z3 = 1− g2
r

(4π)2
e−εγ

(
4πµ2

µ2
R

)ε
·
[

4

3
TRNf −

1

2
CG

(
13

3
− αr

)]
· 1

ε
(6.41)

such that Π(k2) is finite and contains log
(
µ2
R

k2

)
dependent terms.

Performing the calculation of all divergent graphs and their associated counterterms,
we can show that their sum is finite (at one loop) and therefore conclude that QCD is
renormalizable at the 1-loop level, and all Zi are determined such that the associated
counterterm contributions cancel the 1-loop divergences present in the divergent graphs.

6.4 Renormalizability of Spontaneously Broken Gauge

Theories

The aim of this section is to show on an explicit example (linear σ-model) that the spon-
taneous breaking of a renormalizable unbroken QFT does not affect its renormalizability.
In particular, the spontaneous symmetry breaking of a renormalizable QFT does not spoil
the cancellation of UV divergences between divergent and counterterm graphs. We shall
see this for the linear σ-model at 1-loop level.
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6.4.1 The Linear σ-Model

Consider N real scalar fields φi(x) described by the Lagrangian

Lσ =
∑

i

[
1

2
(∂µφ

i)2 +
1

2
µ2(φi)2 − λ

4
((φi)2)2

]
(6.42)

This Lagrangian is invariant under the orthogonal transformation

φi −→ Rijφj, Rij : orthogonal (N ×N) matrix (6.43)

which is described by the rotation group in N dimensions, O(N). The potential in Lσ =
T − V is

V (φi) = −1

2
µ2|φ|2 +

λ

4
|φ|4. (6.44)

This potential which is symmetric under rotations of φ is minimized by any constant field
configuration φi0 which satisfies

φ0 = 0 or |φ0| =
√
µ2

λ
≡ v, (6.45)

depending on the value of µ2. The situation is analogous to the one in section 4.2.1: For
µ2 ≤ 0 we have only one minimum at |φ0| = 0 and so there is only one vacuum which is
O(N)-symmetric. For µ2 > 0, all values φ0 with |φ0| = v are minima. This condition only
fixes the absolute value of φ but not its direction. By choosing a particular vacuum, the
O(N) symmetry is spontaneously broken.

Our next aim is to prove the renormalizability of the unbroken (µ2 ≤ 0) σ-model at
1-loop order. This will not be particularly difficult. But afterwards, we want to show that
the broken theory (µ2 > 0) is still renormalizable at 1-loop order despite having much more
divergent diagrams.

Unbroken σ-Model (µ2 ≤ 0)

For µ2 ≤ 0, the symmetry is unbroken and the φi(x) satisfy a Klein-Gordon equation for
mφ = m. The Feynman rules at tree level in this case are

i jp

i j

k l

= δij i
p2−m2

= −2iλ
(
δijδkl + δilδjk + δikδjl

)

118



6.4. RENORMALIZABILITY OF SPONTANEOUSLY BROKEN GAUGE THEORIES

Note that for two identical φi, the vertex is just −2iλ. If all four φi are identical, then the
vertex reads −6iλ. The factor 6 is related to φ4-theory where the quartic interaction term
reads − λ

4!
φ4 which gives a vertex −iλ. In the Lagrangian (6.54), the analogous term has a

prefactor λ
4

instead, so the vertex reads −6iλ.
At loop level there will appear UV divergences. An amplitude with Ne external legs has

superficial degree of divergence D = 4 − Ne, so the σ-model is renormalizable according
to power counting arguments. One has to include counterterms for the following divergent
diagrams:

Self-energy of φi → correction to propagator:

correction to the vertex:

We need to redefine φj, m and λ. We renormalize φj with Z, m with Zm, and λ with Zλ
and consider

δZ = Z − 1,

δm = m2Zm −m2
r, (6.46)

δλ = λZ2
λ − λr.

Writing

Lbare
σ (Zi) = Lren.

σ (Zi = 1) + Lcounter
σ (δi) (6.47)

in terms of renormalized quantities (φr,mr, λr), we obtain

Lcounter
σ (δi) =

∑

i

[
1

2
δZ(∂µφ

i
r)

2 − 1

2
δm(φir)

2 − δλ
4

(
(φir)

2
)2
]
. (6.48)

This Lagrangian depends on three renormalization constants (δZ , δm, δλ). The Feynman
rules for the counterterm diagrams are

i j

i j

k l

= iδij(p2δZ − δm)

= −2iδλ
(
δijδkl + δilδjk + δikδjl

)
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To obtain one of the δi at 1-loop order, we need to compute the sum of the relevant
divergent graphs plus the respective counterterm graphs.

For example, to obtain δλ, consider the 1-loop corrections to the vertex with four iden-
tical φi:

= + + +

[s] [t] [u]

ii

i i
1-loop

The s-channel contribution reads

[s] ∝ (−6iλ)2 · 1

2

∫
ddk

(2π)d
i

k2 −m2

i

(k + p)2 −m2

= (18iλ2) · V (p2,m2) (6.49)

with V (p2,m2) = 1
(4π)2 [Γ(2− d/2) + f(p2,m2)] where f is finite as ε→ 0 and Γ(2− d/2) =

Γ(ε) = 1
ε

+ finite. This yields the amplitude

iM = (18iλ2)
Γ
(
2− d

2

)

(4π)2

︸ ︷︷ ︸
≡L(ε)

(V ′(s) + V ′(t) + V ′(u))− 6iδλ + finite (6.50)

which fixes

δλ =
λ2

(4π)2

9

ε
+ finite. (6.51)

In a similar manner, one can calculate the 1-loop corrections to the propagator and
thus determine δm and δZ . Having fixed δλ, δm and δZ , we conclude that the unbroken
σ-model is renormalizable since the UV divergences can be removed by a finite number of
counterterms.

Broken σ-Model (µ2 > 0)

For µ2 > 0, the O(N) symmetry is spontaneously broken. We want to show that the theory
is nevertheless renormalizable (at one loop).
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The potential V (φ) is minimized for any φi0 which has
∑

i(φ
i
0)2 = v = µ2

λ
. Note that φ0

is fixed in norm, not in direction. We choose φi0 such that φ0 points in the N -th direction:

φ0 =




0
...
0
v


 , v =

µ√
λ
. (6.52)

We consider a perturbation close to this minimum φi0 for φi parametrized as follows:

φi(x) =
(
Πk(x), v + σ(x)

)
(k = 1, ..., N − 1). (6.53)

Here, Πk(x) corresponds to the massless Goldstone bosons and σ(x) is the massive real
scalar field. In terms of these fields the Lagrangian becomes

Lσ[Πk, σ] =
1

2
(∂µΠk)2 +

1

2
(∂µσ)2 − 1

2
(2µ2)σ2−

−
√
λµσ3 −

√
λµ(Πk)2σ − λ

4
σ4 − λ

2
(Πk)2σ2 − λ

4

(
(Πk)2

)2
. (6.54)

This Lagrangian contains

• a massive scalar field σ with m2
σ = 2µ2,

• a set of (N − 1) massless Π fields (scalars).

The O(N) symmetry is broken, but there is still an O(N − 1) symmetry present allowing
the Π-fields to rotate among themselves.

Using a double line for σ-fields and a single line for Π-fields, the Lagrangian (6.54)
yields the following propagators:

= i
p2−2µ2

= iδij

p2
Πi Πj

We can also immediately read off the tree level vertex rules (with µ replaced by [v
√
λ]):
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i j

i j

k l

= −2iλ(δijδkl+

+δikδjl + δilδjk)

= −2iλδij

= −6iλv

= −6iλ

i j

= −2iδijλv

From these Feynman rules, one can compute tree level amplitudes.
What happens at 1-loop level? We still have D = 4−Ne as for the unbroken σ-model, so

that a priori the broken linear σ-model is expected to be renormalizable from the superficial
degree of divergence argument. In the case of the unbroken σ-model we had 2 superficially
divergent graphs whose divergences could be absorbed into the 3 counterterms. However,
in the broken case we need a priori 8 counterterms, one for each of the following divergent
graphs:

(D = 2) (D = 1) (D = 0) (D = 3)

(D = 2) (D = 1) (D = 0) (D = 0)

How to define these counterterm diagrams? We start with the counterterm Lagrangian
Lcounter.
σ [φi] in terms of the fields φi. This Lagrangian depends on three renormalization

constants (δZ , δm, δλ). We can then insert the fields (Π, σ). Writing

φir =
(
Πk
r(x), v + σr(x)

)
, (6.55)
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we obtain

Lcounter.
σ [Πr, σr](δi) =

δZ
2

(∂µΠk)2 − 1

2
(δµ + δλv

2)(Πk)2 − (δµv + δλv
3)σ−

− δλvσ(Πk)2 − δλvσ3 +
δZ
2

(∂µσ)2 − 1

2
(δµ + 3δλv

2)σ2

− δλ
4

(
(Πk)2

)2 − δλ
2
σ2(Πk)2 − δλ

4
σ4 (6.56)

where we have dropped the intex r. The associated Feynman rules for the counterterm
diagrams still depend on three renormalization constants only and they read

= −6iδλv

= −6iδλ

= −2iδλ(δ
ijδkl + δikδjl + δilδjk)

= −2iδijδλ

= −i(δµv + δλv
3)

= i(δZp
2 − δµ − 3δλv

2)

= iδij(δZp
2 − δµ − δλv

2)

= −2iδijδλv

i j

i j

i j

k l

i j

As in the unbroken theory, the counterterms only depend on three renormalization
constants. The question is, whether these are sufficient to cancel all divergences (8 dia-
grams!) of the broken theory. The answer will turn out to be yes. We will prove this for
the vertex diagrams: evaluate δλ from (4σ)-diagrams, see that it cancels the divergence in
(2σ)(2Π)-diagrams and therefore deduce that the δλ found can be used for all divergent
vertex diagrams. We obtain δλ by computing the 1-loop correction to the (4σ)-amplitude
given at tree level by the (4σ)-vertex

= −6iδλ

At one loop, σ and Π fields can propagate in the loop. There are three types of diagrams
with σ and Π in the loop and three 4-point vertices:
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1-loop

= + + + + +(crossings)+ +

[A] [B]

where the last four indicated contributions (and their crossings) are convergent by power
counting arguments. Indeed, as soon as there are three or more propagators in the loop,
the loop integral converges. The other two diagrams can be calculated, too. We find as an
example,

[A] =
1

2
(−6iλ)2

∫
ddk

(2π)d
i

[k2 − (2µ2)]

i

[(k + p)2 − (2µ2)]

= 18iλ2L(ε) + finite (6.57)

where L(ε) = Γ(2− d/2)/(4π)2 as in Eq. (6.50). Similarly, one finds

[B] = 2iλ2(N − 1)L(ε) + finite (6.58)

where (N − 1) is the number of Π-fields. Since the divergent parts of these contributions
are independent of momenta, the crossed diagrams give exactly the same contributions.
Counting the crossed diagrams, the infinite results of [A] and [B] need to be multiplied by
3, respectively. This way we get the (4σ)-contribution (at one loop) given by

+ + (crossings) = 6iλ2(N + 8)L(ε) + finite

Comparing this to the (4σ)-counterterm diagram

= −6iδλ

we conclude that

δλ = λ2(N + 8)L(ε) =
(N + 8)λ2

(4π)2

1

ε
. (6.59)
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Remember that in the unbroken theory we had δλ = 9λ2

(4π)2
1
ε
. This corresponds just to the

case where the four φi-legs are all equal and therefore N = 1.
We have now fixed the δλ counterterm from the 1-loop counterterm to the (4σ)-vertex.

Does it also fix the divergences of other vertex corrections? Consider, for example, the
1-loop correction of the amplitude for (2σ)(2Π) which is given by

+ + +

[a] [b] [c] [d]i j i j
i j

i j

k l

k
k

(again, there are further corrections which, however, are finite having more than two loop
propagators). Each of these loop integrals has an equal infinite part which is proportional
to

−iΓ
(
2− d

2

)

(4π)2
= −iL(ε). (6.60)

The only differences in these divergent diagrams come from the vertices. One finds that
the infinite contributions to the four diagrams are

[a] ∼ −iL(ε) · 1

2
· (−6iλ)(−2iδijλ) (6.61)

[b] ∼ −iL(ε) · 1

2
· (−2iδklλ)(−2iλ(δijδkl + δikδjl + δilδjk)) (6.62)

[c] =[d] ∼ −iL(ε) · 1

2
· (−2iδikλ)(−2iδjkλ) (6.63)

The sum of these four diagrams yields

= 2iλ2δijL(ε)(N + 8)

1-loop

which is indeed cancelled by
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= −2iδijδλ

with δλ obtained in Eq. (6.59) from the cancellation of (4σ)-divergences.
Similar results can be obtained for the other combinations (e.g. ΠΠΠΠ) such that δλ

found from one vertex correction (4σ) is sufficient to cancel all the UV divergences present
in all divergent graphs of the broken theory. Similar conclusions hold for δm and δZ .

In the particular case of the vertex diagrams, we can understand this effect as follows.
All the diagrams are manifestations of the same basic diagram

If the O(N) symmetry is broken, this diagram manifests itself in different ways with loops
containing Π- or σ-fields. However, the divergent part of this diagram is unaffected by the
symmetry breaking (i.e. the appearence of other fields in the loop). Three renormalization
constants in the broken theory are thus sufficient to cancel all (UV-) divergences as in the
unbroken theory.

We have thus shown in the particular example of the linear σ-model that if a QFT is
renormalizable, then the spontaneous breaking of the theory does not affect the cancellation
of UV-divergences and therefore the spontaneously broken theory is renormalizable, as well.
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